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Abstract 

We investigate the castling transformations of prehomogeneous vector spaces from the 
view point of projective structures and Grassmannian structures. We give a certain classi- 
fication of manifolds equipped with a fiat projective structure obtained by a finite number 
of castling transformations. 

1 Introduction 

The classification of manifolds admitting a flat projective structure is still widely open (cf. 
|0T1 chapter 6]) and active area. Indeed recently the paper jGCj was published and it is 
proved that a connected sum RP^^RP^ does not admit a flat projective structure. In our 
last paper | Kat] we proved that invariant flat complex projective structures on complex Lie 
groups correspond to certain infinitesimal prehomogeneous vector spaces. In the theory of 
prehomogeneous vector spaces there is a notion of castling transformations, which is a certain 
transformation of linear representations of algebraic groups preserving the prchomogeneity. 
In this paper we try to establish a transformations of manifolds equipped with a projective 
structure as a generalization of castling transformations. As castling transformations preserve 
the prchomogeneity of representations, our castling transformations of projective structures 
preserve the projectively flatness. Moreover since we can repeat a castling transformation, we 
can construct a sequence of projectively flat manifolds from a given projectively flat manifold. 
In fact we prove the following: Let {Q,uj) be a flat Grassmannian Cartan connection of type 
a) over a manifold M. Assume a + (3 > 3 and a < /3. 

Theorem 1.1. By a finite number of castling transformations from {Q,lj) we obtain a pro- 
jectively flat manifold N, which is a principal fiber bundle over M. There is a one-to-one 
correspondence between the set of the structure group Y[PL{ki) of N {j > 1) and the set of 
solutions (fci, . . . , kj) with ki > a for the Grassmannian type equation 

(*) a/3 + fci H h fcf - j - (a + I3)ki • • • fc^ + 1 = 0. 
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Remark 1.2. Especially the case a — 1 corresponds to the assumption that M admits a flat 
projective structure. Thus from a projectively flat manifold M we can obtain a projectively 
flat principal fiber bundle N over M with group PL{ki) x • • • x PL{kj) satisfying the equation 

(*)• 

Remark 1.3. By Theorem ll.il we can obtain a sequence of projectively flat manifolds, which 
are connected by manifolds equipped with a flat Grassmannian Cartan connection. Each pro- 
jectively flat manifold N is right invariant under the group action of PL(fci) x • • • x PL{kj). 

About the existence problem there is the following obstruction: A simply connected compact 
manifold admitting a flat projective structure is diffeomorphic to the sphere S" (see |KN| ) . Thus 
the manifold 11^=1 {"^i^j ^ 2) does not admit any flat projective structure. This point 
distinguishes flat projective structures from flat affine connections and flat Riemannian metrics 
as any product of flat afhne (resp. Riemannian) manifolds is flat afhne (resp. Riemannian) 
manifold again. However in |Katj we obtained a real Lie algebra sl(fci) x • • • x s[(fcj) with a 
certain condition whose corresponding real Lie group admits a invariant flat real projective 
structure. The aim of this paper is also to generalize these examples from the view point of 
Grassmannian structures. 

The paper is organized as follows. First of all we review the Grassmannian structures in § 

1 and establish castling transformations of projective structures by using Cartan connections 
in § 2 and § 3. In § 4 we try to understand castling transformations from the view point of 
G-structures and linear connections. Indeed from a Grassmannian structure of type (n, m) 
on a manifold M we construct a linear connection x on a PL(m)-bundle Mm over M. As 
a result x is not torsion-free, however we see that there is a enough reason to call castling 
transformations of "projective structures". In § 5 with respect to the projective structure [x] 
on firstly we show that the fiber PL{m) in Mm is totally geodesic and induces an invariant 
flat projective structure [Vm] on PL{m). Since the base space M„i is locally trivial, we can 
naturally ask whether the product connection V x V' gives a projectively flat affine connection 
on the product manifolds. By using the Ricci tensor we see that V x Vj^j is not projectively 
flat, where V is any flat affine connection on M and VJ„ is any affine connection on PL{m) 
projectively equivalent to Vm- In § 6 we investigate the base spaces obtained by successive 
castling transformations and describe a relation between base spaces. § 7 is devoted to some 
examples of base spaces. In § 8 we investigate the positive integer solutions of the Grassmannian 
type equation (*), and give one conjecture. 

2 Preliminaries 

2.1 Review of Grassmannian structures and projective structures 

We recall the notion of Grassmannian structures and projective structures to establish castling 
transformations in the differential geometry. Let M be a real manifold of dimension r. Denote 
by C{M) a bundle of linear flames of M and we regard an element of C{M) as a linear isomor- 
phism BT TpM. We identify with R" (g) i?™ and consider a GL{n) » G'L(m)-structure 
PtM, i.e. a subbundle of C{M) with structure group GL{n) ® GL{m). If we have n,m >2, we 
call PtM a Grassmannian structure of type (n, m) in this paper. Note that if n = 1 or m = 1, 
then PtM = C{M). Put I := m + n. There are various names and definition. In [Han] and 
[Ish] a GL{n) ® G'L(m)-structure is called a tensor product structure. On the other hand in 
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|MSj an isomorphism a : TM -^V®W itself is called a Grassmannian structure, where V and 
W are vector bundles with rank n and m over M {n,m > 2). Such an isomorphism a gives 
a GL{n) (E) GL(m)-structure in a natural manner, however the author does not know whether 
the converse is true. Typical examples admitting a Grassmannian structure are Grassman- 
nian manifolds (see |MS| for other examples). Denote by Grm,m+n a Grassmannian manifold 
Grm,m+n consisting of m-dimensional subspaces in the (to + n)-dimensional real vector space 
^m+n rpj_^g ^g^j projective transformation group P_L(il™^") acts on Gr^.m+n transitively. We 
fix a basis of Then PL{R"^'^") is expressed as the quotient GL{m + n)/R*Im+n, which 

we denote by PL{m + n). Let be a linear frame (ei, • • • , e™) of Wq. We denote by < w > 
the TO-dimensional subspace spanned by v. Let PL{m + be the isotropy subgroup at 

<v>. Then we have Grm,m+n — PL{m + n)/PL{m + n)^yy. The Lie algebra of PL{m + n) is 
isomorphic to sl(m + n), which has the graded decomposition sl{m + n) = 0_i + go + fli given 

by 



00 = 

01 = 





C 

A 

B 

D 





C e M {n, to) 



A G 0t(TO), B e gl{n) 
tT{A + S) 



D e M{m,n) 



Let {ca} be the natural basis of ii" and {fi} be the one of i?™. We denote the dual basis of 
and R""* by {e"} and {/*} respectively. Then il" (g) il™ is naturally identified with g_i 
and the isotropy representation p : PL{m + 7i)<t,> — ?> GL{g^i) is given by 



A C 
B 



i~> B (g) =kA. 



Thus the image of p is the group GL{n) ® GL{m). Similarly ii™* ® i?"* is identified with Qi. 
We write an element of il™* (g) il"* as 770;/' g) e". We denote the vector Ca g) /i by Cq;. 
The isotropy representation p enables us to identify GL{n) g) GL{m) with the subgroup Go of 
PL{m + n); 

Q '^j GLim),Be GL{n) 



Go 



Thus its Lie algebra gl{n) ® Im + In ® gl{^) identified with go- 

Let PtM be a GL(n) (gGL(TO)-structure on M. The canonical form oi PtM takes the value 
in il" (g il™. Following [Tan2| we explain equivalence classes of linear connections in PtM. 
Let X c^iid x' be connections in PtM . Then x' X if a-nd only if there is a il™* g) il"*-valued 
function F on PtM such that x' ~ X— [^j -f"]- Note that here we regard the value of 6*, x a-^d P 
as an element of Qa and gi. We call this equivalence relation a Grassmannian equivalence 
relation and denote the equivalence class of x by [x\ ■ Two equivalent connections have the same 
torsion. We consider the torsion tensor field as a map T: PtM — > 0i (ggi g)0-i. Conventionally 
the linear map x o T(x^^- 
the tensor field T*: PtM - 



TpM X TpM 



TpM is called the torsion tensor. Moreover 



gi g) go is defined by 



a,i 



)/^),r®e"] (eeg-i,a;GPtM). 
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Then PtM admits a unique equivalence class of connections [x] such that T* — Q, which is 
called an admissible class. From an admissible class [%] on PtM, we can construct a normal 
Cartan connection over M as follows. Let Q be the extended bundle of PtM by the injection 
L : Go ^ PL{m + n)<i,>, i.e. Q = PtM Xg„ PL{m + n)<„>. We denote the natural injection 
PtAI ^ Q by t. Put I := m + n. We define the sl(m + n)-valucd 1 form w on Q by 

uj{~L,X) := 9{X) + xiX) + .UO{X)) e 0-i+0o + 0i (2.1) 

where J is the tensor field PtM 3 e 01 ® 01 of type (0, 2) on M defined by 

Jx {ea,)pj = { (2 - Z^)Ric^ {ca^ I e/3 J - ^Ric^^ (e^, , ea, ) - ^Ric^, (e^j , J - 2Ric^ (e/j^ , J } . 

(2.2) 

We can obtain this expression of J by applying the technique of |Tanl[ p. 11] to |Tan21 Propsition 
7.5]. Then the pair (Q,ui) gives a Grassmannian Cartan connection of type {n,m), thus by 
definition satisfies the following condition: 

(1) w: TuQ siijn + n) gives a linear isomorphism, 

(2) = Ad{g-^)uj for g G PL(to + «)<„>, 

(3) w(A*) = a {A£ s[(to + n)<^>), where A* is the fundamental vector field. 

The construction of Cartan connection w depends on the choice of x- However it is proved 
that if two linear connections in PtM are equivalent, then the induced normal Grassmannian 
Cartan connections are isomorphic. 

A g-valued 2- form f2 on Q defined by 57 — do; + i[a;,a;] is called a curvature form. A 
Grassmannian Cartan connection {Q.ijj) is said to be flat if $7 = 0. For an element ^ G £)_i we 
define a vector field a'(i^) on Q by (I>(^) := u;^^(^). A go +0i-valued 1-form Q.* on Q defined by 

KiO = I E [^um)Mec ® h)),r ® e"] (w G Q, e e 0_i) 

{a,i) 

is called a ^-curvature of (Q,i^) (see |Tan3j ) . A Grassmannian Cartan connection is called 
normal if 57* = 0. In 1(2. ip the Grassmannian Cartan connection has been constructed from 
an admissible linear connection in PtM, which is shown to be normal (see jTan2 ). Hence we 
obtain the following map 

{ {PtM, [x]) I [x] is an admissible class of linear connections in PtM } — > { normal 
Grassmannian Cartan connections on M }/ ~. 

The map <& is shown to be bijective. We outline that $ is surjective. Let {Q,Li>) be a Grass- 
mannian Cartan connection of type {n,m) on M. Let p : PL{m + n)<i,> — >■ GL(g-i) be the 
isotropy representation. We denote the kernel of p by kerp. Then PL{m + n)<^vy/kerp = 
GL[n) ® GL{m). Thus the quotient manifold Q :— Q/kerp is regarded as a principal fiber 
bundle over M with structure group GL(n) (i)GL{m). Let a;_i be the g_i component of 1-form 
uj. By using the natural projection p : Q ^ Q, we obtain the g_i-valued 1-form 9 on Q defined 
by p*9 — Lj-i. Then {Q, 9) can be regarded as GL{n) (E) GL (m)-structure and its canonical 
form. We define an injection t : GL{n) (g) GL{m) ^ PL{l)^yy by 
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The homogeneous space PL{l)^yy / L{GL{n) ®GL{m)) is honiconiorphic to gi, and hence there 
exists a bundle homomorphism h : Q ^ Q corresponding to l such that p o h — id. Then we 
can obtain the connection form x defined by 

x{X)=oj{KX)o [XeTPtM). 

If is normal, the induced connection x satisfies T* = 0. Moreover [x]) coincides 

with the isomorphism class of (QjCj). In this paper we call a pair (PtM, [x]) a grassmannian 
structure (gr-structure) of type (n,™), where [%] is an admissible class. This name may agree 
with the one in [IsK. Especially when m,n ^ 1, GL{n) (E) GL(m)-structure PfM admits a 
unique admissible class of linear connections by Proposition 9.5 and Theorem 10.2 of jTan2j . 
and hence we obtain the following one-to-one correspondence (cf. [Tan21 Theorem 9.4]): 

{GL{n) (g) GL(m)-structure of M} — > {normal Grassmannian Cartan connections over A/}/^. 

Now we consider the case m = 1. Then the above discussion for the case m = 1 yields 
the projective space P{R^'^"), a grading of s[(l -t- n), projective equivalence relation, a projec- 
tive Cartan connection instead of Grassmannian manifolds Gr„ m+m the grading of 5l{m + n), 
Grassmannian equivalence relation, Grassmannian Cartan connections. For more details of 
projective Cartan connections we refer the reader to |Tan2| . |Tanl| and [Aga| . From the ap- 
pendix of [NS] we see that two linear connections are projectively equivalent iff they have the 
same torsion and the same set of pregeodesics. Conventionally a projective equivalence class of 
torsion-frec linear connections in C{M) is called a projective structure. In the projective case 
the tensor T* vanishes iff the torsion T vanishes. Thus an admissible class of linear connections 
on C{M) is a projective equivalence class consisting of torsion-free linear connections. It follows 
that a gr-structure {PtM, [x\) for the case m = 1 or n = 1 is equivalent to a projective structure. 
Thus we have the following one-to-one correspondence: 

{[x] • projective structures on — ^ {normal projective Cartan connections over M}/^. 

A projective structure [x\ is said to be flat if x is locally projectively equivalent to the standard 
flat affine connection xq- It is well known that x is projectively flat iff x is torsion- free and 
the projective curvature tensor of Weyl vanishes. Moreover a flat projective structure [x\ on 
M corresponds to a {PL{1 -I- n), P(i?"'^ ~''"))-structure on M (see [Golj . |Kat| for the deflnition). 
Likewise a flat Grassmannian Cartan connection corresponds to a {PL{m + n),Gr„i^rn+n)- 
structure. The flatness of Grassmannian Cartan connection of type (n, m) (n, m > 2) should 
be described by the terminology of GL{n) (g) GL(TO)-structure. However the author does not 
know it. Let {Q,uj) be a projective Cartan connection over rt-dimensional manifold. We also 
call (QyUj) a Grassmannian Cartan connection of type (n, 1). Thus a normal Grassmannian 
Cartan connection of type (n, m) corresponds to a Grassmannian structure of type (n, m) if 
71,171 > 2, and corresponds to a projective structure if n = 1 or m = 1. 

2.2 Subgeometry 

For the later argument, we introduce the notion of subgeometry, following jGol] . Let A/B and 
A' /B' be real homogeneous spaces. We say that A/B is a subgeometry of A' / B' if there exists 
a Lie group homomorphism F : A A' satisfying the following conditions: 
(1) F{B) C B', 



5 



(2) the induced map F : A/B — )• A'/B' is a local diffeomorphism. 

Let us denote the Lie algebra of A by o, the one of i3 by fa. Likewise we define o' and fa' for 
A' and B' respectively. Let A and A' be Maurer-Cartan forms of A and A'. Then F gives a 
bundle homomorphism corresponding to F\b : B ^ B' and satisfies F*A' = dF o A. 

Proposition 2.1. Let be a Cartan connection of type A/B on M. Then there exists a 

Cartan connection {Q',oj') of type A'/B' on M. 

Proof. Since B acts on B' via F, from the given principal bundle Q we obtain the extended 
bundle Q' = Q Xb B'. The bundle homomorphism F : Q ^ Q' is defined by m H- [u, e], which 
corresponds to the restriction of F to B. Next we define a o'-valued 1-form co' on F{Q) by 

w[„,,](F*X + Z*) =dFow(X) + Z (X eT„Q,Ze fa'). 
We enlarge this definition to the whole of Q' by 

^lu,c]=K-^Mc'>[uM (ceB'). 

To verifj that this definition is well defined, it is enough to check the following two cases: 

(1) F^X = {X e TuQ, Z Gb'). In this case there exists F G fa such that X = Y*. 

Then F^X = dF{Y)*^^^y Hence 

uj'{F^X) =dFo uj{X) = dF{Y), 
u;'(Z[;_,j)=u;'(dF(F)f„,,j)=rfF(y). 

Therefore cj'{F,X) = lo'{Z^^^^^). 

(2) [ub, e] = [u, F{b)] {u G Q, b € B). In this case we can verify co'^^^^ = co'^^ ^^j^^j by the 
following computation. 

a;[„(,,e](f^*^ + ^[Ve]) = dFouJub{X) + Z 

= dF{Ad(b-')oju{Rb-i.X)) + Z 
= dF{iOu{X)) + Z. 

On the other hand 

= dFuu{Rb-uX) 
= dF{Ad{b)oJu{X)) 
= Ad{F{b))dF{uju{X)). 

^[ub,e] — ■^[u,F(b)] 

Moreover we can verify {Q',uj') gives a Cartan connection of type A'/B' on M. □ 

Definition 2.2. Let {Q,ui) and {Q' ,ui') be Cartan connections of type A/B and A'/B' respec- 
tively on M. Then we call (Q,w) a subgeometry of{Q',uj') if there exists a bundle homomor- 
phism L : Q Q' corresponding to F\b : B ^ B' such that t induces the identity map between 
the base spaces and l*ui' = dF o to. 
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In Proposition 12.11 a given Cartan connection {Q,uj) of type A/B induces {Q',ijj') of type 
A'/B', and (Q,w) is a subgeometry of {Q',uj'). 

Proposition 2.3. Assume that a Cartan connection {Q,uj) is a subgeometry of (Q',uj'). If 
{Q,uj) is flat, then (Q',uj') is also flat. Moreover when the differential dF : a ^ b is an 
injective homomorphism, the converse is also true. 

Proof. We compute the curvature form fi' of {Q',u!'). Pulling back ft' by l yields 

L*n' = L*{duj' + ^[uj',uj']) 

= dF{duj + ^[uj,uj]) 
= dF{n). 

Hence the assertion of the proposition follows. □ 

We fix the complementary subspace m of b and m' of b'. Let p be the linear isotropy 
representation of B on the tangent space to A/B at the origin o. By identifying To A/B with 
m, p is given by p{b)X = Ad{b)X + b for G _B and X E m. Thus we obtain the two linear 
isotropy representations p : B ^ GL{m) and p' : B' —> GL{m'). We denote the kernel of p by 
C and the one of p' by C". Since we assume that A/B is a subgeometry of A'/B', there is a 
homomorphism F : A A' whose differential dF induces the linear isomorphism dF : m — s> m'. 

Lemma 2.4. There exists an injective homomorphism F : p{B) — > p'{B') defined by F : p{b) H- 
dF o p{b) o dF , and we have the commutative diagram: 



B 



F 

O 



B' 



p{B)C 



p 

■p'{B') 



Moreover F is regarded as a bundle homomorphism corresponding to F : C C . 

Proof First we verify F{C) C C . Assume that beC. Then p{b){X + b) = X + b for X e m. 
Then p'{F{b)){dF{X)) = Ad{F{b))(dF{X) + b') = dF{Ad{b)X) + b' = dF{X) + b' = dF{X). 
Thus p'{F{b)) = idm', and Fib) e C . We define F : p{B) p'[b') by F : p{b) ^ p'{F{b)) for 

b e B. Since F{C) C C", this is well defined, moreover we have F{p{b)) — dF o p(6) o dF . It 
follows that F is injective. □ 

Let {Q,uj) and {Q' ,uj') be Cartan connections of type A/B and A'/B' respectively. Assume 
that {Q,uj) is a subgeometry of {Q',uj'). We denote the quotient manifold Q/C by Q and 
Q'/C by Q'. Then we obtain p(S)-structure {Q,0) and p'(B')-structure {Q',0') (see [TaSSl 
p. 136]). The projection p : Q ^ Q is corresponding to p : 5 — > p{B). RecaU that {Q,9) gives 
a p(i3)-structure on M as follows: concerning each point p{u) G Q, p{u)^^ is regarded as a 
linear isomorphism T^q^^(p(k))M m by : ■kqic^P*X h> 9{p<,X) = ujm{X). Hence we 

obtain the bundle homomorphism Q ^ L{M) corresponding to the inclusion p{B) GL{m). 
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Likewise we obtain the map Q' ^ L{M), where L{M) is regarded as the set of aU hnear 
isomorphism y : m' — TpM{p e M). 

The bundle homomorphism t : L{M) — > L{M) is defined by i : x i— )■ a; o dF , which is 

corresponding to GL(m) 9 A n> dF o Ao dF ^ G GL(m'). 

Proposition 2.5. The p{B) -structure Q is a reduction of p' (B')- structure Q' i.e. 1) there exists 
a bundle homomorphism I : Q ^ Q' corresponding to F : p{B) — > p'(B'), and 2) 1*9' = dF o 0. 
The injection I is given by the restriction oft : L{M) — > L{M). 

Proof. From assumption {Q,uj) is a subgeometry of {Q',uj'), thus we have a bundle homo- 
morphism L : Q ^ Q' corresponding to F\b '■ B B' . We define a map T : Q ^ Q' hy 
L : p{u) p' o i{u). Since F\b is a bundle homomorphism corresponding to -F : C ^ C", 1 is 
well-defined and gives a bundle homomorphism corresponding to F : p{B) — p'{B'). Hence we 
obtain the commutative diagram: 

Q Q' (2.3) 




Since l induces the identity of base spaces and F is injective, t is injective. Now we show 
that 1*0' = d~F o 0. Since I o p = p' o l, puUing back 1*0' hy p : Q Q yields p*(T*6') — 
{p' o L)*e' = I =(= uj'^, = dF o Hence 1*9' ^dFoQ. 

By using the inclusion Q ^ L{M) and Q' ^ L{M), t and t, we obtain the following 
diagram, which will be shown commutative as follows. 



L{M) ■ 



t 

o 



L{M) 



(2.4) 



From the equality T0' — dF o 0, for p{u) e Q we have ^[(p(„))(t*/0*-'^) — dF o {p^,X) = dF o 
u)m{X). Thus l{p{u)) gives a linear isomorphism T^^^i^i(^pi^u))M — > m' by i(p(u)) : tt^ l^p^^X H> 

c?_Foa;m(-'t'). Since the diagram (1 2.3p is commutative, we have tt^, t*p,X = tt^ Therefore 

l{p{u)) — p{u) o di^ . On the other hand t o p[u) — p{u) o dF , and hence the diagram (j 2.4p 
is commutative. □ 

Let X' be a homogeneous space of A'. We choose B' as the isotropy subgroup at a point 
V in X. If we are given a subgroup ^ C A', we can consider the isotropy subgroup Ay of A at 
V. Then gives a subgeometry of A' /B' . Henceforth we say that A/B is a subgeometry of 

A' /B' if this condition is satisfied: A is a subgroup of A' and B is the isotropy subgroup at v. 
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3 Castling transformations 



In this section we establish the casthng transformations of projective structures. Let G be a 
subgroup of PL{1). We consider the homomorphism F : G x PL{m) ^ PL{I{} ® i?™) defined 
by {g, A) i-^ g ® A. By F we regard G x PL{m) as a subgroup of PL{R^ (K> H"). When we 
identify ® R"' with R^ (S ■ ■ ■ G) R\ G x PL{m) acts on P{R^ (g> R"') by {g, A).v := gv^A for 

m 

w = (ui, . . . , e P(ii' ® ii™). Assume that n = I — m > 0. Denote by Vm,i a projective 
Stiefel manifold, which consists of projective frames of m-dimensional subspaces of i?'. 

Proposition 3.1. Let G be a subgroup of PL{1), and v be a point in P{R} (g) -R™). The 

rank of v = (ui, . . . , Vm) is rn and the homogeneous space G/G^v> is a, subgeometry of Gr^^i — 
PL{l)/PL{l) <„> if and only if Gx PL{m)/G x PL{m)y is a subgeometry of the projective space 
P{R^ ® R"') = PL{R^ ® R"')/PL{R^ ® defined by F : G x PL{m) ^ PL{R^ ® il"). 

Proof. We can prove this proposition by showing that the following four assertions are equiva- 
lent. 

(1) G/G^yy is a subgeometry of the Grassmannian manifold PL{1) / PL(l)^y-^. 

(2) G. <v> gives an open orbit in Gm,i- 

(3) G X PL{m).v gives an open orbit in Vm,i- 

(4) G X PL{m)/G x PL{m)y is a subgeometry of the projective space P L{R^ ® R^) / P L{R^ ® 
R^v 

The proof of (1) <^ (2) is easy. To prove (2) <^ (3), we consider the fiber bundle 

Km PL{m) 

7T 

Gm,l 

The natural projection tt is continuous and open map. It follows (2) <^ (3). To prove (3) (4), 
we observe that the manifold Vm,i is naturally imbedded into P(i?' (g) R'"') with respect to the 
relative topology, indeed Vm,i is an open submanifold in P(i?' (g) R™'). Next we consider the 
assertion (3)': G x PL{m).v gives an open orbit in P(i?' gji?™). If (3)' holds true, then v must 
belong to Vm.i- Hence we have (3) <^ (3)'. The proof of the equivalence (3)' <^ (4) is same as 
the one of (ij <^ (2). □ 

Now assume that n ^ I — m > 1. We fix a point v of Vrn,i and one of Vn.i such that the 
subspace < > spanned by is orthogonal to the one < t; > spanned by v. Let us define 
the isomorphism * : PL{1) PL{1) by g i— > Then * gives the isomorphism between 

PL{l)^yy and PL{l)^y±^. We denote the differential of * by the same symbol, and wc have 
*{A) — — *74 for A E 5l{l). Then G. <v> gives an open orbit in Grm,i if and only if *G. <v^> 
gives an open orbit of Grn^i- Hence by proposition 13.11 we obtain the following: 

Proposition 3.2. (cf. [SK] ) The group G x PL{m) admits an open orbit in P{R^ g) if 
and only if *G x PL{1 — m) admits an open orbit in P{R' (g)R'-"'). 
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Strictly in jSKj the above proposition is proved in the algebraic group category. Let F : 
G — > GL{C^) be a rational representation of G. Then originally the transformation 

F(g,id:Gx GL{m) GL{& ® C") F* (g) id : G x GL{1 - m) ^ GL{& ® C'"™) 

is called a castling transformation. Now we define the castling transformation of Cartan con- 
nections. Denote by g the Lie algebra of G. Let G be a subgroup of PL{1). 

Proposition 3.3. Denote by Q a principal fiber bundle over M with structure group G<i,> and 
by Lo a Q-valued 1-form on Q. Then the following are equivalent. 

1. {QtUj) gives a Cartan connection on M of type G/G<i,>, which is a subgeometry of 
Gr,nj = PL{l)/PL{l) <v> 

2. {Q, gives a Cartan connection on M of type *G/ * G<„i>, which is a subgeometry of 
Gr„^i = PL{l)/PL{l)^,^> 

3. [Q X PL{m)^Lj X Ai) gives a Cartan connection of type G x PL{m)/G x PL{m)y, which 
is a subgeometry of the projective space P{R^ (g i?™). This subgeometry is defined by the 
homomorphism i : G x PL{m) ^ {g,A) ^ g ® A <^ PL{R! (g) R"^). 

4. [Q X PL{n) , *cij X Ai) gives a Cartan connection of type *G x PLiji) / *G x PL(^n)^±, 
which is a subgeometry of the projective space P{Ii} ® i2"). 

Moreover if one of the above Cartan connections is flat, then the other Cartan connections are 
also flat. When one of the conditions (l)-(4-) is satisfied, the Cartan connection {Q,uj) induces 
a GL{n) ® GL{m)- structure PtM on M. The base space Mm of {Q x PL{in),uj x Ai) is the 
quotient of PtM by GL{n)®GL{l). 

Remark 3.4. If the condition (1) is satisfied, the Cartan connection (Q, *a;) induces a GL{m)® 
GL(n)-structure PtM' and the base space Af„ of {Q x PL{n), *uj x Ai) is the quotient of PtM' 
by GL{m)®GL{\). In fact the base space Mn is naturally identified with PtM /GL{l)®GL{m) 
by Proposition 14. 11 which will be proved later. 

Proof. (1) <^ (2): We define the action of *G<^i> on Q hy u- g u* g (u G Q, g & *G<„-l>). 
Then the bundle Q is regarded also as a principal fiber bundle over M with structure group 
*G<,yi>. Moreover we define a one- form *w by the composite of * : s[(^) ^ s[(/) and w. We can 
easily verify that the assertions 1 and 2 in the proposition are equivalent. On the other hand 
since G/G<u> is a subgeometry of *G/*G<„i>, the Cartan connection {Q,uj) induces a Cartan 
connection {Qc,ujc) of type *G/*G<„x> by Proposition 12.11 This induced Cartan connection 
is isomorphic with {Q, *uj). Hence by Proposition l2.3l (Q. to) is fiat if and only if {Q, *uj) is fiat. 

(1) <^ (3): Assume the assertion 1. Then Q x PL{m) is regarded as a principal fiber 
bundle over M with structure group G<„> x PL{m). Since G x PL{m)y is a closed subgroup 
of G<i,> X PL(m), we have the quotient Q x PL{m)/G x PL{m)v over which Q x PLijn) is 
regarded as a principal fiber bundle with structure group G x PL(m)y. Then we can directly 
check {Q x PL{m),u! x Ai) gives a Cartan connection of type G x PL{m)/G x PL{m)y on 
Q X PL{m)/G X PL{m)y. By Proposition 13.11 G x PL{m)/G x PL{m)y is a subgeometry of 
the projective space P(i?' i?™). Conversely we assume the assertion (3). Then G/G<t,> is 
a subgeometry of Gr{m,l) — PL{1) / PL{l)^yy. We can directly check gives a Cartan 

connection of type G/G<t,> on M . 
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(2) <^ (4): The proof is same with one of (1) <^ (3). 

Next we prove the equivalence of flatness of the above Cartan connections. We have already 
proved this equivalence about the case (1) <^=> (2). We consider the case (1) <^ (3). We first 
observe that {du + i[w,w],(iAi + i[Ai, Ai]) gives q x s[(m)-valued 2-forni on Q x PL{m). We 
can directly verify 

d{uj X Ai) + i[a; x Ai,w x Ai] = (dw + w], dAi + i[Ai,Ai]). 

Note that since Ai is the Maurer-Cartan form of PL{m), we have dAi + i[Ai, Ai] = 0. Hence 
{Q, uj) is flat if and only if {Q x PL{m), x Ai) is flat. This argument also proves the equivalence 
of flatness between {Q, and {Q x PL{n), *uj x Ai). 

Finally we consider the base space. Now assume (1). We flx the complementary subspace 
m of 0<t,> in 0, then the natural inclusion F : G ^ PL{1) gives the linear isomorphism 
dF : m — > M{n, m). We denote the isotropy representation of G/G<^v^ by p : G'<u> ^ GL{m). 
Then {Q/kerp,9) gives /o(G<„>)-structure Q C C{M). From Proposition 12.11 we obtain the 
induced Grassmannian Cartan connection {Q',u!'), which induces a gr-structure (PtM, [x]) on 
M. Here PtM is a GL{n) (8 GL(TO)-structure on M . Now by proposition 12.51 the natural 
inclusion l : Q ^ Q' induces the injective I : Q PtM. Consequently we obtain the following 
diagram. 

^ Q' 

P Op 
^PtM. 

Thus we obtain the map To p : Q ^ PtM corresponding to the restriction p|g<^> ■ For a matrix 
A G GL{m) denote by A the image of the homomorphism GL{m) PL{rn). We deflne the 
map $ : Q X PL{m)/G x PL{m)^ PtM/GL{n) ® GL{1) by 

$ : {u,A)G X PL{m)^ ^ To p{u)In ® A-^GL{n) ® GL{1). 

This definition is well defined. Moreover the map $ is a diffeomorphism. Now we observe 
that PL{m) naturally acts on Q x PL{m)/G x PL{m)^ and PtM/GL{n) ® GL{\) on the right 
as follows: {u,A)G x PL{m)^ ■ B := {u,B-'^A)G x PL{m)^ and x GL{n) ® GL{1) ■ B := 
X In® B GL{n) ® GL{1). We can check that by these actions both Q x PL{m)/G x PL{m)^ 
and PtM / GL{n) (E)GL{1) can be regarded as principal fiber bundles over M with structure 
group PL{'m). Then $ gives a bundle isomorphism. If we have m — 1, then the base space of 
(Q X PL{m),Lu X Ai) is same with M, and the base space of {Q x PL{n), *uj x Ai) is isomorphic 
to C{M)/GL{1). □ 

This proposition is described by the following commutative diagram. We assume is 
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a Grassmannian Cartan connection over M . 



{Q X PL{m),uj X Ai) 




The manifold Mm denotes a quotient manifold PtM/GL{n) ® GL{1), and we denote by 
the projection PtM PtM/GL{n) (g) GL{1). The manifold Mm is naturally isomorphic with 
Q ^PL{i)^^y, PL{in). Thus we obtain a natural projection from Q to Mm and there exists 
a natural inclusion Q Q x PL{m). Denote by iTm a projection from Q x PL{m) to the 
quotient manifold Q x PL{m) / PL{1) x PL{m)y. From the proof of Proposition l3 . 31 the quotient 
space Q x PL{m)/ PL{1) x PL{m)y is identified with M,„ by the bundle isomorphism given by 
op{z)g \ 

Definition 3.5. Let {Q,uj) satisfy the same assumption as Provosition \3.1\ Then we call the 
transformation 

(Q X PL{m),uj X Ai) o (Q x PL{n),*uj x Ai) 

a castling transformation of projective structures. If (Q x PL{m),uj x Ai) induces a projective 
Cartan connection, then (Q x PL{n),*LO x Ai) also induces a projective Cartan connection. 

We note that the model space of {Q x PL{m),uj x Ai) is G x PL{m)/G x PL{m)y, and the 
one of [Q x PL{n), *uj x Ai) is *G x PL{n)/ * G x PL{n)y±, where u is a fixed point of Vm,i 
and i'-^ is one of Vnj. 

4 Investigation of castling transformations 
4.1 G-structures and linear connections 

Now we describe the castling transformation of projective structures from the view point of G- 
structures and linear connections. Firstly we consider the differential geometry corresponding 
to the transformation G •H- *G for a Lie subgroup G of PL{1). Let (Q, be a Grassmannian 
Cartan connection of type {n,m) over M. By Proposition 13.31 (0. *uj] gives a Grassmannian 
Cartan connection of type (m, n) over M . 

Proposition 4.1. The GL{n) ® GL{m)- structure on AI induced from {Q,lu) is naturally iden- 
tified with the GL(m) (g) GL{n)- structure on M induced from {Q, *lu). 
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Proof. By the isomorphism * : PL{1) — > PL{1) the model space PL{1) / PL{l)^yy is a subgeom- 
etry of PL{l)/PL{l) and the Cartan connection {Q,lli) is a subgeometry of {Q, The 
Lie algebra s[(/) is decomposed into M(n, m) ©s[(Z)<„> and M(to, n) ©s[(^)<^,i>. The isomor- 
phism * of s[(Z) induces a linear isomorphism M(n, m) — >■ M(m, n) defined by X i-> — *X. Since 
M(n, m){resp. M(TO,n)) is naturally identified with il" il™ (resp. ii™ (g) -R"), * induces 
the linear isomorphism *: R" (g) il™ (g) il" defined by ^ ry i-> -77 (g ^. Let PtAf be a 

G'L(n)(8)G'L(m)-structure induced from {Q, uj) and PtM' be a GL(m)(8)GL(n)-structure induced 
from {Q, *Lu). Then by Proposition 12.51 there is a natural bundle isomorphism t : PfM PtM' 
defined by t : a; 1— >■ cc o where x is regarded as a linear isomorphism i?" eg) i?™ TpM. □ 

Now we describe a projective structure obtained by a castling transformation from the view 
point of linear connections. Let PtM be a Grassmannian structure. Then there exists a local 
section a : U ^ PtM for an open subset U of Af. Since a{p) gives a linear isomorphism from 
i?" €5 ii™ to TpM, we obtain a vector field Xa^ defined by Xa^p := (j{p){ea ^ fi)- There exists 
a unique admissible class of linear connections in PtM and we choose one representative x of 
that class. When we denote by 9 the canonical form of PtM ^ we have 0((7*Xq,J = ® fi- 
Define the Christoffel's symbols {Lj'^ .} corresponding to x by 

Let TT be the projection PtM — )• M and we denote by tt the induced projection M^ := 
PtM/GL{n) ® GL{1) M. Denote by a projection from PtM to Mm- The connection F 
corresponding to x in PtM induces a connection Tm in Mm defined by Tm{rm{x)) r,„^(r(a;)). 
For a matrix A £ 0[(w) we denote by A the image of the linear map Ql{m) — >■ sl^m). Since the 
value of the connection form x(^) is written as Xn{Y) '5^ Im + In® Xm(Y) for Y S T^PtM, the 
connection form x' corresponding to F^ is given by x'{''"m*Y) ■= Xm(^)- By the horizontal lift 
of Xai with respect to Xm we obtain a vector field in W~^{U) and denote it by X*.. On the 
other hand about the vertical direction, for the element Y G s[(m) we define the vector field Y 
on n^^{U) by 

^r„ocr(p)g -^S* (^r^ 0(t(p) ) ■ 

Let {Q,uj) be a normal Grassmannian Cartan connection constructed from {PtM,x)- Then 
in Proposition 13.31 we showed that {Q x PL{m), w x Ai) is a Cartan connection of type 
PL{1) X PL{m) / PL{1) X PL{m)y, which is a subgeometry of the projective space PL{R} ® 
R^)/PL{R^ X H")^,. By Proposition O we obtain a projective Cartan connection (Qm, a;„i) 
induced from {Q x PL{m), uj x Ai). Then (Qm, induces a linear connection % on Mm by 
using an injective homomorphism /i„i : C{Mm) Qm- 

Proposition 4.2. Lef [x] be the projective structure on Mm induced from the Cartan connection 
(Q X PL(rn), UJ x Ai). Let V be the covariant derivative corresponding to x- With respect to 
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the basis of vector fields {X^.^Y} on tt ^(U), V is described as follows: 





0---0 



m 



k=l 




k 



-YZ. 



We note that about the above m x m matrix its component is zero without the j-th row, 
and J is a tensor field introduced in section [^TTl which is defined to be 



where Ric is the Ricci tensor field of x- 

Remark 4.3. We assumed that a (Q, is a normal Grassmannian Cartan connection of type 
(n,m), where n > 2 and m > 2. If (Q^uj) is a projective Cartan connection, then a Cartan 
connection {Q x PL{n), *uj x Ai) induces a linear connection x on M„. Then we can describe 
X in the same way. 

Proof. We recall that the base space M,„ denotes PtM / GL{n) ® GL{1), and it is isomorphic to 
Q X PL{m) / PL{1) X PL{m)^ as a PL(m)-bundle. We decompose the Lie algebra s[(i) xsl(m) 
into {M{n,m) x s[(m)) © (s[(Z) x sl(m)„). We denote by pc the linear isotropy representation 
of PL{1) X PL{m)^ on the tangent space s\{l) x s[(m)/s[(Z) x 5\{m)^ = M{n,m) x sI(to). Thus 
we obtain the map pc : PL{1) x PL{m)y GL{M{n, m) x s[(m)). Then we obtain pc{PL{l) x 
PL(rn)^)-structure (Q x PL{m)/kerpc, 9m) over M^. We denote the projection Q x PL{m) 
Q X PLim) /kerpc C C{Mm) also by pc- The canonical form 0™ is determined by Pc*0m = 

UJ X AiAf(„,m)xsl(m)- 

Since the bundle Q is the extended bundle of PtM , we have the natural injective homo- 
morphism h : PtM ^ Q corresponding to i : GL{n) ® GL{m) ^ PL{l)^yy. Since Mm is 
isomorphic to Q x PL{m)/G x PL{m)^, the bundle h{PtM) x PL{m) gives a reduction of the 
structure group PL{1) x PL{m)v of Q x PL{m) to Gq x PL{m)v. Now we consider the bundle 
homomorphism h{PtM) x PL{m) — > C{Mm) obtained by the restriction of pc- This bundle 
homomorphism is corresponding to the restriction pc : Gq x PLim)^ GL{M{n,m) x s[(m)) 
given by 



Thus the restriction pc : h{PtM) x PL{m) C{Mm) is injective. Hence h{PtM) x PL{m) 
itself gives a GL{n) ® G'L(m)-structure over Mm- 

Now we consider the subgeometryPL(OxPi(m)/PL(0 x PL{m)^ of PL{R^^R"')/ PL{R}® 
R"^)v This subgeometry is given by the injective homomorphism F : PL{1) x PL{R"^) 
PL{R^ ® R"^) defined by P : (a;, y) t-^ a; (g) y. Since i?' <Si R"^ is decomposed into < (^) > 



•^o-(p)(eaJ/3fc 



1 



{(2 - f)Ric{ea,,ei3^) - /Ric(e/3, , J - lRic{ea^, ep,) - 2Ric(e/3j^ , eaj} 
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have the graded decomposition ® i?™) = {^^) © 0((ifgry) © 

( ifln!™))*- '-'^ ^^"^ other hand we have the decomposition s[(/) x sl(rn) ~ {M{n, m) x sI(to)) © 
(s((l) X s[(m)i,). Since pc : Go x PL{m)y GL{M{n,m) x s[(m)) is injective, we can define 
the homomorphism 6™ : Pc{Go x PL{m)v) — ?• PL{B} ® R^)v by : /Oc(a;, y) n> F(a;, y). Then 
by Lemma 12.41 we obtain the fohowing commutative diagram 



Go X PL{m)v 



Pc(Go X PL{m)y) 




Moreover we consider a natural injection t: GL{j0^^) — PL{B} ® R™)v Then we have 
Z o F — Lm- Indeed we can directly check the equality as follows: 



A 
B 



*A 



The natural extension of {Q x PL{m),u] x Ai) by F yields the projective Cartan connection 
{Qrm^m)- Define a bundle homomorphism hm ■ h(PtM) x PL[m) — )■ Qm by using _F and 
Pc analogously with tm- Then h„i is a bundle homomorphism corresponding to t„i : Pc{Go x 
PL{m)y) P(lm)y. Then by Proposition 12.51 we obtain the following commutative diagram: 



h{PtM) X PL(m 



Pc{h{PtM) X PL(to)) 




i(Mm). 



By using t we can identify pc{h{PtM) x PL{m)) with a subbundle of C{Mm) consisting of the 
linear isomorphisms ( M'lTm) ) ~^ T^Mm. Thus we also identify the group Pc{Go x PL{ra)^) with 
a subgroup of via P. By Lemma the identification of these groups is given by 

the identification of the subspace M{n,m) x s[(m) with (jj^^t^) defined by {^,Y) ^ ^ ^ 

Under this identification hj^ satisfies p o = id, and the corresponding group homomorphism 
Lm is identified with the restriction of t: GL{j^^^^) PL^R} ® R"")^. 
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The bundle homomorphism hm enables us to compute a connection form induced from 
the Cartan connection (Qm, Wm). Indeed we extend hm to the bundle homomorphism h'^ : 
C{Mm) — > Qm- We denote the gl{ ^'1^) )-component of ujm by (wm)o- Then we have x = 
h'^*{uj)o- Obviously in the subbundle pc{h{PtM) x PL{m)) of L{Mm), X = ^m*(wm)o- 
_ Now let V be the covariant derivative corresponding to the connection form x- To compute 
V from X, we define the section <jm'- Tt~^{U) ^ C{Mm) by 

o-m : ■JTm{h{a{p)),g) ^ pc{h{a{p)), g). 

We compute the linear frame pc{h{a{p)),g~^). 

By using the sc;ction a : U ^ PfM and the vector fields X^. on the neighborhood U we 
obtain the tangent vector (T*Xq,; on PfM. Let Y G sl(m) be a left invariant vector field. Then 
{hi,ai,Xai,Xm{<^*Xai)g) and {0,Yg) give tangent vectors at {h{a{p)),g) in h{PtM) x PL{m). 
We compute the canonical form 9m sA, s = pc{h{a{p)),g~^). 

{Pc*{K{<j*X 

= iV X A.iM{n,m)xsl{m)if^*{<^*Xai),Xm{<7*Xai)g-i) 
^ //'-*Xm(o-*X„,) Jx{0{(T*Xai)) 

= (eaO/i,0), 

^m(Pc.(o,yg-i)) = (o,y). 

It follows that the linear frame s of Mm is the linear isomorphism s : M(n,m) x s[(m) — >■ 
^7r^(/i(a(p),s-i))Afm defined by 

(o,y) ^ 7r„,(o,yg-i). 

Since 

7rm(/i(a;),S'~^) = rm{x)g, 
the tangent vector 'n-m*{h*{a*XaJ,XmiXai)g-i) at 7rTO(/i((T(p)),5~^) is equal to 

This vector is included in the kernel of the connection form x' on Mm- Hence we have 

Likewise the tangent vector TTm^iQ, ~Yg-i) at TTm{h{a{p)), g^^) is equal to Rg^iY* ocr(p))' ^^^^ 
we have 

TT^^O, -Yg-i) = >'g^(fc(<T(p)))g- 



j J Xm{(^*Xai))M{n,m)xsl{r, 
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Moreover we have 

Cm* ° '!^m*{h*{cr*Xa^),Xm{(7*Xai)g-l) = Pc,,{h*{cr^Xai) , Xm{(y *Xai) g-l) , 
O-m*(7I"m*(0, -Yg-l)) = Pc,(0, -Yg-i)- 

Here we state one general assertion: let {Zi, . . . , Zn} be a basis of vector fields on a manifold A''", 
and X t>e a connection form on jC{N). We denote by ^ a canonical form of jC{N). For some open 
neighborhood U of we consider a section a' : U ^ ^{^) defined by <t'{p) = {Zip, . . . , Znp). 
We define the Christoffel's symbols {Ti^j} by 

a'*x{Zi)6{a'.Zj) = ^r>/(a'*Z,) 

j,k 

with respect to the basis {Zi, . . . , Zn}. Denote the covariant derivative V corresponding to x- 
Then we have 

k 

This assertion can be proved by using the fundamental correspondence between a connection 
form and the corresponding Christoffel's symbols with respect to the natural vector fields in- 
duced by coordinates of A''. ^ 

Now we compute the covariant derivative V on M^. The equalities 

and 



Xni 

- ^wr(-Xm{(y*Xc.,) Jx{0{a*X„^))\ . y 

yields 

Xm(o-m* ° '^m*{K{(y*Xa^),Xm{(y*Xai) g-i)) ■ (6/3^ ,0) 

We denote the matrix components of Xm and Xn by 

Xn{o'*Xa,)e/3 = ^Xnio-^XaJJe^, 
7 

Xm{(^*Xai)fj = ^Xm{(T*Xa^)jfk. 
k 

Then from the equality 

X{u*Xai)ei3 fj = ^{Xn{(^*Xai)l5^j + Xm{(^*Xcxi)'j5j)e^ O fk 

Ik 
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The M{n, m)-component XniXa,) ■ + ep^ ■ + ''^"^ °' ep. is equal to 

The sl(m)-coniponent is equal to 



A 



0---0 : 0---0 

V •^<T(p)(eQj/3„ 

Moreover by the formula 
we obtain 

A). 

Likewise we obtain 

Xm(0-m* O 7r™^(/l,(T*Xa,,Xm(0'*XcJg_i)) • (0, -F) = (-^Kj'^eQj^, - [Xm (ct^X^ J , F] ) , 

Xm(cr,„* O7r,„40,~yg-i)) • (e/3j,0) = (-^Yj'=e/3,_, 0), 

fe 

XmKn*O7r™,(0,-y3-l))-(0,-Z) = (0, FZ). 

This proves the Proposition 14.21 □ 

Remark 4.4. If the Ricci tensor of x in PtM is equal to 0, the geometrical meaning of the linear 
connection V is clear in the sense of parallel transport of tangent vectors of Mm- However for 
the author it is difficult to understand the meaning of the matrix term appeared in Vx* .-^^ .- 

4.2 Normality and torsion of castling transformations 

Suppose that x is a linear connection in PtM, {Q,uj) is a Grassmannian Cartan connection 
constructed from (PjM, x) by using an admissible homomorphism h : PtM Q. Let Q 
be the curvature form of {Q,uj). We denote the M(n, m)-component of fl by S, and the 
gl(n) (E) I + 1 (g) 0[(m)-component and the M(m, n)-component of il by if" and respectively. 
For £,,1] ^ M{n,m) and z G Q we express n{Ldz(£),0Jz('ri)) flz{£,,7])- Then by |Tan2l Lemma 
6.1 and Proposition 7.5] the torsion tensor T of x is computed by 

Let f2 be the curvature form of the projective Cartan connection We denote the 

( )-component of by 5 and the torsion tensor of x by T. Then T is computed by 

'0\ /O^ 
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Proposition 4.5. The projective Cartan connection {Q,uj) obtained by the castling transfor- 
mation is generally not normal. Indeed the torsion tensor field T of x is given as follows: 

Tp^ihiaip)),g-^M^ 0), (77, 0)) = (r,(p) (f, v),'Kl^h(M^))m),^m (e, V e M (n, m)). 

However the castling transformation is a transformation of the projective structures not only of 
linear connections. 

Proof. For elements ^, 77 of M{n, m) the curvature form f2 is computed as follows: 

.,.(^),.(2), . -.,(0,.(£), 

= -dFHCo{O,oj{v)],0) 
Thus we have 

Hence generally the projective Cartan connection {Q,u)) is not normal. Now let x' be a linear 
connection belonging to the admissible class [x] ■ The connection x' gives rise to a normal Cartan 
connection {Q,u!') which is isomorphic to {Q,uj). The Cartan connections {Q x PL{m),uj x Ai) 
and {Q x PL{m),uj' x Ai) are isomorphic, hence the extended Cartan connections {Q,ll>) and 
{Q,uj') are also isomorphic. The Cartan connection {Q,u)) is not normal generally as we have 
already investigated it by the torsion. However since (Q, w) and (Q, uj') are isomorphic, from the 
proof of [TmI2| Theo rem 9.2] the induced linear connections x ^nd x' by admissible homomor- 
phisms C(Mm) — > Q are projectively equivalent. These discussion proves the proposition. □ 

Conventionally a projective structure is a projective equivalence class of torsion-free linear 
connections. On the other hand a linear connection x on Mm is not torsion-free generally. How- 
ever according to Proposition 14.51 a gr-structure {PtM, [%]) gives rise to a geometric structure 
[x\ naturally (see §2.1l for the projective equivalence relation). Thus we call our transformation 
a castling transformation of projective structures. 

Now we consider a projective structure {C{M), [x]) on n-dimensional manifold M. Then 
we can construct a normal projective Cartan connection {Q,uj) of type PL{n+ 1)/ PL{n + l)u, 
where v is an element of the projective space P(i?"^^) being equivalent to Gri^n+i- Thus 
by the castling transformation {Q,uj) {Q x PL{n), *uj x Ai) we obtain a projective Cartan 
connection (Q, *uj) over M„ and it induces a projective structure [x] on M„. Then we have the 
following. 

Corollary 4.6. The torsion of [x] is given by the Weyl's projective curvature tensor of [x]. 

Proof. Let h : C{M) Qhe the natural inclusion. From the proof of Proposition l4.2l /if£fM)) x 
PL{n) is regarded as a subbundle of L(M„) by the canonical form 6n '■— *uj x AiM(i.n)xsi(n) ■ 
Thus we obtain the inclusion pc : h{L{M)) x PL{n) -> L(M„). We denote by S the {^^j^)- 
component of the curvature form Vl of [Q. *uj). From the proof of Proposition 14.51 the value of 
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at F{h{x),g ^) is computed as follows 



dF{- 



Here we used the equality ~ (/>*cij(— *^). In the above — K^In is the 0l(n)-coinponent 

of the curvature form of {QjLo) and 5 is a Torsion tensor of x, which is assumed to be zero. 
Then K'^ — K^In is shown to coincide with the Weyl's projective curvature tensor field W of 

type ( ^ I on M (see [Tanlj p. 10]). We recall the definition of W in the proof of Proposition 



5:2] Since Kf = ~trK° and trVF(*^, *r]) = 0, we have K^^ = W and Kf = 0. Hence we have 
Tp^WH-)),g-^M, 0), {V, 0)) - (0, -W^Ct 'v)) (C, V e 0((1, "))• 

□ 



5 Product connections 

Let {PtM,[x]) be a gr-structure and {Q,uj) be a normal Grassmannian Cartan connection 
constructed from {PtM, [x]). In Proposition 14.21 we described a linear connection V on 
induced by {Q x PL{m),uj x Ai). Now with respect to the connection V we investigate the 
fibers of Mm ■ 

Proposition 5.1. Concerning the projective structure [V] on Mm each fiber of Mm is auto- 
parallel submanifold and the induced projective structure coincides with an invariant flat pro- 
jective structure on PL{m). 

Proof. Let tt : Mm — > M be the projection. From the description of V in Proposition 14.21 we 
directly see that for each point p of M the fiber 7f~^(p) is auto-parallel. Thus a linear connection 
is induced on 7f~^(p) which is given as follows: VyZ = —YZ where Y and Z are vector fields 
on 7f~^(}3) defined in 14.21 We consider the diflteomorphism (f> : Tt^^{p) — > PL{m) defined by 

<j> : rm oa{p)g ^ g~^ . 

Then about the differential (^*, for Y G s[(m) we have 

Hence the vector field Y on 7f^^(C/) is mapped into the left invariant vector field —Y. Pulling 
back the connection V by yields the linear connection Vm on PL{m), which is left invariant 
and defined by 

VmyZ = YZ {Y,Z esl{m)). 

The strait forward computation of the torsion and the the Weyl's projective curvature tensor 
field show that the connection Vm is torsion free and projectively fiat. This connection coincides 
with the left invariant flat projective structure on PL{m) constructed in fAgaj. □ 
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Thus by Proposition 14.21 and 15.11 we see that the connection V on M„i consists of a hnear 
connection x in PtM and the invariant flat projective structure V„i on PL[m). As the base 
space Mm is locally trivial, it is natural to ask whether the product connection of x ^^'^ 
also gives a projectively flat connection. 

Proposition 5.2. The product connection of x andVm are not projectively flat. More generally 
let {M, V) be an affinely flat manifold and (M', V') be a projectively flat manifold such that 
its Ricci tensor field does not vanish. Then the product connection V x V' on M x M' is not 
projectively flat. 

Proof. We denote the torsion tensor, curvature tensor and Ricci tensor of V (resp. V) respec- 
tively by T (resp. T'), R (resp. R') and Ric (resp. Ric'), and the ones of V x V by T, R and 
Ric. About these tensors we recall the basic formulas: 

T{{X,X'),{Y,Y')) = (T(x,r),T'(x',r')) 

RiiX,X'),{Y,Y')){Z,Z') = {R{X,Y)Z,R'{X',Y')Z') 
mc{{X,X'),{Y,Y')) = Ric{X,Y) +Ric{X',Y'), 

where X,Y,Ze TpM and X', Y' , Z' e Tp,M'. The projective curvature tensor of Weyl W is 
defined by 

W{X,Y)Z = R{X,Y)Z + [P{X,Y) - P{Y,X)]Z - [P{Y, Z)X - P{X, Z)Y], 

where P(X,F) = :^^[nRic{X,Y) + Ric{Y,X)] (see [NS]). About these tensors we have the 
following relationship: 

P((X, X'), {Y, r')) = P{X, Y) + P{X\ Y') 

W{{X,X'),{Y,Y')){Z,Z') 
= {W{X, Y)Z + {P'{X' , Y') - P{Y', X')]Z - P'{Y', Z')X + P'{X', Z')Y, 
W'{X', Y')Z' + {P{X, Y) - P{Y, X)]Z' - [P{Y, Z)X' - P{X, Z)Y'\) 

Easily we can show that Ric(X, F) = if and only if P{X, F) = and P{X, Y) - P{Y, X) = 0. 
Now we assume that V is afhnely flat and V is projectively flat but Ric ^ 0. Then we have 

wax, X'), (r, Y')){Z, Z') = {[P'iX', Y') - P{Y\ X')]Z - [P'{Y', Z')X - P'{X\ Z')Y],0). 

Since the tensor Ric' is not equal to zero, there exists X',Y' £ TpiAT' such that P'{X',Y') — 
P'{Y',X') 7^ or P'{X',Y') + 0. We assume that P'(X',Y') - P'{Y',X') ^ 0. Then putting 
r = and X = yields 

T^((0, X'), (0, Y')){Z, Z') = ([P'{X\ Y') - P(Y', X')]Z, 0), 

which is not equal to zero. Likewise for the case P'{X',Y') ^ we can check W 0. Since 
V„i is not Ricci fiat, we obtain our assertion. □ 

We note that under the assumption of (il/',V') being projectively flat, V' is Ricci flat if 
and only if V' is afhnely flat. On dimension 2 we do not need the assumption of projectively 
flatness. 
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Proposition 5.3. Let V' be a linear connection on PL{ni) projectively equivalent to Vm- Then 
V' is not affinely flat. 

Proof. By a result of |Aga| a left invariant flat projective structure {C{L), [x]) on a Lie group L 
of dimension n give rise to a Lie algebra representation as follows: We fix a frame 5 of tangent 
space TgL and define a map j : L ^ ^{L) by a left translation of o. Then the Lie algebra 
representation / : I — > s((n + 1) corresponding to x is given by 

f(x) = (-'-^ ^ 

where J is a tensor field of type (0,2) defined by the formula I 2.21 in the case m = 1. This 
representation satisfies the condition of (P)-homomorphism introduced in |Aga| . Conversely 
when a (P)-homomorphism f corresponding to a left invariant fiat projective structure on L is 
given, there exists a left invariant projectively fiat affine connection x on L which gives rise to 
/. We consider the Lie algebra homomorphism / : s1(to) s[(0l(m)) defined by 

f:X^X®Ir,^. 

We decompose fl[(m) into < > © s[(m) and with respect to this decomposition s[(g[(m)) 
is decomposed into the graded Lie algebra go, 0i in a similar way to the Grassmannian 
manifold Gri_m2. We regard gi and g_i as s[(m). Moreover gi is identified with gl^ by 

<e,r>:-tr(e*y) (eegi,Feg-i). 

Then a left invariant projectively fiat affine connection x on PL{m) corresponding to / is 
given by x{j*^)(^{j*Y) = fo{X)Y — XY. Thus / corresponds to the invariant flat projective 
structure on PL{m) given by Vm- From the assumption V is projectively equivalent to Vm, the 
projective structure [V'] is also invariant flat. Hence V give rise to a Lie algebra homomorphism 
/' : sl{m) — >■ s[(g[(TO)). Since V is projectively equivalent to V„i, /' is projectively equivalent 
to /. It follows that there exists C G 0i such that 

f[{X) = h{X) + K,/o(^)] + \[^A^J-i{X)]] (see [Xgi] ). 

We show that /{ is not identically zero. From the definition of / : s[(m) — ^ s((gl(TO)) we obtain 
the following: 

, , tvXY 

h{X)Y = 

m 

K,/o(x)]r = irC^xY) 

K,K,/-i(^)]]l" = -2tr*eXtr*er 

By using this formula we compute f[{X)Y for the following four cases. We express ^ as the 
m X m matrix (aj), where a^- denotes the (i, j)-component of ^. 

X Y f{{X)Y 

(1) EI-E:^ E^ ai^il-ia^-a^)) 

(2) EI-E::: El, aT{l + {a},-aZ)) 

(3) EV- El, l.+a\-o^ 



W E^ - + a„ - a, a, 
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where E^. denotes the m x m matrix B whose (p, g)-component bpq is equal to S^6f, and the 
above index i runs from 1 to m. Now we assume that the equation f[{X)Y = holds for all 
X,Y € s[(m). Then for a fixed i {1 < i < m — 1) the equation f[{X)Y = of the case (1) has 
the two solution = or a- — a™ = 1. If we assume a- — a™ — 1, then we obtain a™ = 
from (2), a* = — from (3) and a™ — from (4). However this is a contradiction. Thus we 
have = 0forl<i<r7i — 1. Then from (3) and (4) we obtain = — — for 1 < i < m. 
This contradicts the assumption tr^ — 0. Therefore f[{X)Y ^ 0. From the construction of /' 
we have 

f[iX)Y = J'ieCjM)iYe) (X,rGs[(m)). 

From the equality 

J'{0Cj*X,)){Y,) ^ 2^(nRiCe(X,y) +RiCe(r,X)), 

We have f[{X)Y = -P^X, Y). Since P'{X, F) = if and only if Ric'(X, Y) = 0, we conclude 
Ric' / 0. It follows that V is not affinely flat. □ 

From Propositions 15.21 and 15.31 we obtain the following Corollary. 

Corollary 5.4. Let \7 be a affinely flat connection on M and [Vm] be the invariant flat projec- 
tive structure on PL(m) given by Provosition \5.1\ For any linear connection projectively 
equivalent to Vm the product connection V x does not give a flat projective structure on 
M X PL{m). 

On the other hand let {PtM, [%]) be a gr-structure of type {n,m) on M and assume the 
corresponding Grassmannian Cartan connection is flat. Then the linear connection V on Aim, 
which is constructed from x a-nd Vm on PL{m), gives a flat projective structure [V]. Especially 
when m — 1 from a flat projective structure {C{M), [%]) on M, we obtain a flat projective 
structure [V] on M„ again. 

6 Successive castling transformations 

In this section we give two fundamental procedures to do castling transformations succes- 
sively. The product group PL{1) x OLi ^^(^0 naturally acts on ® by the 
tensor product, namely via the inclusion i : PL(l) x ni=i PL{ki) ^ PL{R^ (g) ^{^■^r!'^) given 
by i{g, Ai,...,Aj) = g ® Ai® ■■■ ® Aj. We denote the natural basis of R\r''^ , . . . , R^' 
by {eio}jo=i' J"t=i' • • • ' J't'=i" Then a point w in R^ ® ®{^-^R''' is written by w = 
X^io ii ij ^ioii---ij^io ^ ® ' ' ' ® whcrc Ci^i^.-.i- IS & cocflicient. Now let a be an element of 
symmetric group of {1, 2, • • • j}. Then a induces a natural linear isomorphism R^ ® ^I^iR'^^ — 
-R' ® ®l^^R'^''^'\ which is defined by a{w) = Eio,ii,....ij '^'i-on-ij^^io ® ^^^(i) ® ■■■ ® ei^(j)- 
The map cr induces a diffeomorphism P{R^ ® ®l^^R^') P{R' ® ®l^^R''^^^^). The group 
PL{1) X Y{i^iPL{kc,(i)) naturally acts on P(i?' ® ®{^iR''^^"''), and the action satisfies the 
condition (g, ^^.(i), • . . , ^cr(j")) ' cr(w) = cr((5, ^i, • ■ • , Aj) ■ w). It is easy to prove the following. 
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Proposition 6.1. Assume that a point w in P{Ii} (i) ®l^iR^^ ) gives an open orbit of PL{1) x 
Wl^i PL{ki). Then we have the following: 

(1) for any permutation a of {1,2, •••j} the product group PL{1) x Jli=i -P^(^o-(i)) o,dmits 
an open orbit given by a(w). Isotropy subgroups PLil) x Y\l^iPL{ki)yj and PL{1) x 
Y\l=iPL{^iy{i))iy(w) are isomorphic. 

(2) The product group PL{1) x ]\{^^ PL{ki) x PL{1) acts on P{B} ® ®l=iR^' ® R), which is 
identified with P{R ® ®l^iR ') naturally. Via this identification w gives an open orbit of 
PL{1) x 11^=1 PL{ki) X PL{1), and isotropy subgroups PL{1) x ni=i PL{ki)w and PL{1) x 
Y\\=i PL{ki) X PL(l)w are isomorphic. 

From the Lie group PL{1) x Hi^i PL{ki) we can obtain several new Lie groups by Proposi- 
tions 16.1] and castling transformations. For example let L be a Lie subgroup of PL{3) such that 
L admits an open orbit L.x in P{R^). Then we obtain the sequence of new groups *L x PL{2), 
L X PL{2) X PL{5), *L x PL{5) x Fi(13), L x PL{5) x PL{13) x PL(194), which admit open 
orbits in projective spaces. Note that *L x PL{2) is regarded as a subgroup *L PL{2) of 
PL{6). Next we apply Proposition 16 . 1 1 to Cartan connections. 

Proposition 6.2. Let Q be a manifold equipped with a Q-valued 1-from uj. Assume that {Q x 
Y\\^iPL(ki).,LU X Ili=i-'^i) gi'^GS a Cartan connection over a manifold N of type 

3 i 
PHI) x\lPL{ki)/PL{l) X \lPL{h)^, 

i=l i=l 

which is a subgeometry of PL{R^ (g) ®l^^R^') / PL{R^ ® ®1^iR''')w given by i : PL{1) x 
riLi PL{h) ^ PL{R^ ® ®i=iR''')- Then 

1. for any permutation a o/ {1, 2, • • • j}, the pair {Q ^-YW^i PL {k„ (^1-^)^1^ xYW^i^i) gives a 
Cartan connection over N of type 

J 3 
PLil) X []Pi(fc,(,))/PL(0 X []PL(fc,(,)),(^), 

i=l i=l 

which is a subgeometry of PL{R^ ® ®l^^R^''^''>) / PL{R^ ® ®l^iR^'^''')a(w)- 

2. (Q X Y[i=i PL{ki) X PL{l),uj X Y[i=i ^1 ^ ^1) gives a Cartan connection over a manifold 
N of type 

i 3 
PLil) xJlPLih) X PL{1)/PL{1) X Y[PL{h) X PL(1)^, 

i=l i=l 

which is a subgeometry of PL{R^ ® ®{^^R''' ® R)/PL{R^ ® ®{^^R''' ® R)^. 

We consider the castling transformation of (Q x Y\\^i P Liki) ^ uj x Hi^i^i)- The group 
PL{1) X Hi^i PL{h) can be identified with a subgroup of PL{R^ (E) ®{^^R^') by the map 
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F : (g X Ai X ■ • ■ X Aj) t-^ g iSi Ai ^ ■ ■ ■ iS> Aj . Then one form uj x Hi^i can be identified with 
the one form dF o oj x Yil^i ^i; which is computed as follows: 

j 

dF OLJ xY[^i{X,Yi,- ■ ■ ,Yj) = uj{X)® I ($>■■■«•! + I ®Yi(»---(S)Yj 

+ I ® ■ ■ ■ ($, I CSiYj. 

Thus the group isomorphism * of PL{R'' ^ ®{^iR^^) is restricted to the subgroup PL(l) x 
nLi^i(fc.)by 

* : (.g,Ai,...,Aj) i-^ {*g,*Ai, . . . ,*Aj). 
The Lie algebra isomorphism * of s[(i?' <Si®1^iR'^^) is restricted to g x ni=i^'(^i) ^-^id we have 

i 3 
*{uj X Ai) = to; X *Ai. 

i=l 1=1 

By using Propositions 13.31 and I6.2[ we can apply castling transformations successively. For 
example let us consider a projective Cartan connection {Q,uj) over 2-dimensional manifold M. 
The bundle Q is a principal fiber bundle over M with structure group PL{5)y, where v is an 
element of P{R^) and w is a sl(3)-valued l-form. Then for example we obtain the following 
sequence by successive castling transformations: 

(1) {Q,Lo) (2) {Q,*u) (3) (g X PL{2),*Lo x Ai) 

— > (4) (Q X PL{2),uj X *Ai) — > (5) (Q x PL{2) x PL{5),uj x *Ai x Ai). 

Now consider the Grassmannian manifold PL{1) / PL{l)^vy, and we denote by p the isotropy 
representation of PL{l)^yy. Then p takes values in GL{n) ® GL{m). When p{g) is expressed 
as A®B, we define a projective linear representation pm ■ PL{l)^y^ — > PL{m) by Pm{g) = B. 
The isotropy group PL{1) x PL{m)y is equal to the set {{g,Pm{9)) \ 9 G -P-^(0<'j>}- Thus the 
two isotropy groups PL{l)^yy and PL(l) x PL{m)y are isomorphic. 

Here we omitted the process of 1 and 2 in Proposition 16.21 In detail we omitted the Cartan 
connections (Q x PL(1), uj x Ai) and {Q x PL{2) x PL{l),*uj x Ai x Ai). In the above process 
we choose a point G V2.3 and identify with a point w of P{R^ (g) R'^), and choose a point 

G V5^3.2. Then the structure group of each Cartan connection is given by 

(1) pmv, 

(2) PL(3)<,^> = *PL(3),, 

(3) PL{3) X PL{2U = {(*.9, P2{*g)) I 9 £ Pi(3)4, 

(4) PL(3) X Pi(2)<„.> = {(.g, *p2(*.g))}, 

(5) PL(3) xPi(2) xPL(5)^^ ={(g,*p2(*.9),P5(.9®*P2(*.g)))}. 

We express the action of PL{2)y on Q as u ■ g — ug ioT: u ^ Q and g G PL{2)y. Then each 
structure group acts on the bundle of each Cartan connection as follows: 

(2) u-*g:^ ug, 

(3) (u, A) ■ P2{*g)) = [ug, Ap2i*9)), 

(4) (u, A) • {g, *p2{*g)) = Ap2{*9)), 

(5) • (g, *P2(*5),P5(5® *P2(*5))) = (""5, ^P2(*5), -8/05(5 «) */02(*.9)))- 
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Successive castling transformations yields a sequence of manifolds admitting a projective 
structure or a Grassmannian structure. From now on we characterize those manifolds. 

Lemma 6.3. Let v be a point in P{Ii} (g) R") and assume that PL{1) x PL{a) ■ v gives an 
open orbit in P{R^ ® R"). Suppose that a Lie group G is obtained by successive castling 
transformations from PL{1) x PL(a), and a point w in P(i?' ® '^i^iR'^') is obtained from v. 
Then G can be written as PL{1) x J^^^-^ PL{ki) and G-w gives an open orbit in P(i2'(8)<8'i^xi2'^') 
again. Moreover there exists a projective linear representation fi: PL{l)^yy — > PL{ki) (0 < 
i < j) such that = {{foig), fi{g), • . • , fj{g)) \ 9 G Pi(0<t»}; where fo = id or *. Thus 
is isomorphic to PL{l)^yy. 

Proof. First about the group PL{1) x PL{a), the element of the isotropy subgroup PL{1) x 
PL{a)v is expressed as {g,Pa{g)), where pa is the projective linear representation of PL(l) 
introduced after Proposition 13. II We now proceed by induction. Assume that there exists w G 
P(i2'®®^^i-R'^') such that the group -Pi(0 ^ni=i PL{ki) admits an open orbit given by w, and 
an element of the isotropy group PL{1) x ni=i PL{ki)w is expressed as (/o(.g), • ■ • , fj{g)) 

for some g G PL[l)^yy. Then the point w must belong to Vk^^iki - kj-i- A group obtained 
by using the assertion (1) or (2) in Proposition 16. II also admits an open orbit and its isotropy 
group is described by using the projective linear representations of PL(Z)<^>. Since successive 
castling transformation consists of Propositions 16.11 and 13.11 it is enough to consider the effect 
of castling transformation described in Proposition 13.11 By castling transformation of the 
group PL{1) X HLi PL{ki), we obtain the group PL{1) x HCi^ PL{ki) x PL{lki ■ ■ ■ kj^i - kj) 
and a fixed pt w-^ G Viki...kj_i-kj,iki---kj-i, which gives an open orbit in P{R^ (g) Oi^i-R*^' 'S> 
Riki-k,-i~k,y jjg^g ^gg^^^ p^i^ ^ p2,(fc^) as the subgroup of PL{R^ (g) (8)^1^12'='). 

Then about the isotropy group PL{1) x Hti PL{ki) x PL{lki ■ ■ ■ fcj_i — kj)yj± its element is 
expressed as (*/o(5), . . . , (*/o(5) ® ^ • • • «> for 

some g G PL{l)^yy, where Piki---kj-i-kj is the projective linear representation of PL{R^ 
<w^>- Thus we completes the induction step. □ 

Now let (QjO;) be a Grassmannian Cartan connection of type {I — a, a) over M. Thus the 
model space is PL{1)/ PL{l)^v^, where < u > is an element of Gra,i- By successive castling 
transformations from {Q,iLi) we obtain a Cartan connection {Q x Yil^i PL{ki),uj' x Hi^il^i)*) 
of type PL{1) X HLi PL{h)/ PL{1) x HLi PLiki)^,, where (Ai)i = Ai or *Ai and uj' = uj 
or uj' = *uj. We denote by N the base space of {Q x Y{l^iPL{ki),uj' x ni=i(^i)0- Then 
the Cartan connection {Q x 11^=1 PP{ki),i^' x Hi^iC^i)*) over N induces a projective Cartan 
connection over N. The next proposition determines the relation of base spaces obtained by 
successive castling transformations. Assume that ki ^ I. Remove the s-th component from 
(Q X riLi PL{h),uj' X nLi(Ai)0 and denote it by {Q x Y^,^,PL{h),uj' x Y^,^,{P^l)^). 

Proposition 6.4. Choose s and t satisfying 1 < s < t < j . 

(1) The base space N is a principal fiber bundle over M with group Y[i=i PL{ki). 

(2) The pair [Q x Y^^^^PL{h),J x n-'^.(Ai)^) (resp. [Q x Y^^^, P L{h) , x Il-'^tCAi).)) is 
a Cartan connection over a manifold L (resp. K), which is a subgeometry of a Grassmannian 
Cartan connection of type [Iki ■ ■ ■ fc^-i^s+i ■ ■ ■ kj —kg, kg) (resp. {Iki ■ ■ ■ kt-ikt+i ■ ■ ■ kj — kt, fct))- 
The base space L is a Yii^is PL{ki)-hundle over M. 
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(3) The base space N is regarded as a principal fiber bundle over L (resp. K) with group 
PL{kg) (resp. PL{kt)), and PL{kt) acts on N and L. Thus we obtain following diagram: 




Moreover N is isomorphic to the bundle PtL/GL{lki ■ ■ ■ kg-ikg+i ■ ■ ■ kj — kg) ® GL{1) and the 
action of PL{kt) on L induces the action on N by the differential. The quotient N/PL{kt) is 
isomorphic to K. 

Proof. We can assume that the number t is equal to j without loss of generality. Firstly we 
show that TV is a principal fiber bundle over M . From the assumption N is diffeomorphic to 
the quotient manifold Q x 11^=1 PL{ki)/PL{l) x HLi PL{ki)w, thus we identify A'' with this 
quotient manifold. By using this identification the group Y[i=i PL{ki) naturally acts on N as 
follows: let [z, Ai, . . . , Aj] be an element of N and {Bi, . . . , Bj) be an element of Y['i=i PL{ki). 
Then we define the action by [z, Ai, . . . , Aj] ■ {Bi,...,Bj) :== [z,B^^Ai, . . . ,B~ Aj]. This 
action is free. By using the projection tt : Q — > M we define the projection ttn : N AI 
by [2, . . . , Aj] Tr{z). Moreover tt : Q M is a principal fiber bundle, thus for each 
open neighborhood U oi M there is a local trivialization tt^^{U) U x PL{l)^yy mapping 
z to (7r(z), 0(2)). Now by Lemma [Ol the isotropy subgroup PL[l) x Y\\^iPL{ki)w is given 
by the set {{hig), h{g), ■ . ■ Jjig)) I g e PL{l)<y>}. We define the map $ : tt^^C/) ^ 
U X nti PLih) by 

[z, Ai, . . . , A,] ^ (^(z), h'{<j>{z))A^\ f/{<j>iz))Af), 

where // = fi when (Ai)i = Ai or // = */; when (Ai); — *Ai. The map $ is well-defined and 
diffeomorphism, moreover preserving the action of Y[i=i P^i^i)- using ttjv and the local 
trivializations $, it follows that N has a structure of principal fiber bundle over M with group 

Since 11^=1 {^l ^ PL{kj) is a normal closed subgroup of structure group Jli^i PL{ki) of N, 
the quotient N/PL{kj) is again a principal fiber bundle over M with group Y[l=i PL{ki). Put 
H — Hi^i PL{ki). Then the manifold Q x H is regarded as a principal fiber bundle over M 
with group PL{iy^^^ X H, where PL{iy^^^ = PL{l)^,y uo' ^ uo or PL{IY^.^^ = *PL{l)<.,y if 
w' = *a;. The group PL{iy^y^ xH contains the closed subgroup PL{l)xH^wy. Hence we obtain 
the fiber bundle Q x H over the quotient manifold Q x H/PL{1) x H^^y with structure group 
PL{1) X i?<tt,>. There is a diffeomorphism from Q x H/PL{1) x i?<^> to N/PL{kj) defined by 
i-> [u,Ai, . . . ,Aj-i,e]PL{kj). By Proposition [331 (Q x i/,a; x OCi ^i) is a 
Cartan connection over N/PL{kj) of type PL{1) x H/PL{1) x i7<^>. From the assumption the 
model space PL{1) x H/ PL{1) x iJ<^> is a subgeometry of the Grassmannian manifold PL{R^ ® 
®]zIb!)/PL{B! (g) ®^lB!)<n,> according to the map F : PL{1) x H ^ PL{R^ ® ®iZlR') 
defined by the tensor product. Note that a point w is included in Vk^ jki---kj^i- Therefore 
N / PL(kj) admits a Grassmannian Cartan connection of type {Iki ■ ■ ■ fcj^i — kj, kj). 

We observe naturally PL{ks) acts freely on Q x by {u, Ai, . . . , As, ...,Aj^i) -Bg := 
{u,Ai, . . . ,B~^As, . . . ,Aj-i) for Bg G PL{ks). We denote this right action by Rb,- Put 
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L — N/PL{kj). The action of PL{ks) on Q x Y[i=i PL{ki) induces the action of PL{ks) on L 
by using the bundle isomorphism between L and Q x H/PL{1) x i?<u,>. 

We fix the complementary subspace m of s[(/)<t,> in s[(Z), thus we have s[(/) — m©s[(/)<«>. 
Then tn' x Hti^K^O gives a complementary subspace of sl{l) x Jlti ^'(^i)<«'> in ^'(0 ^ 
fl^"-^ sl(fci), where m' = m when ui' = ui ot m' = *m when uj' = *uj. Furthermore the differential 
dF of F induces a linear isomorphism dF from m' x Y[i=i ^K^i) to Milki ■ ■ ■ kj-i — kj, kj). 

We denote by p the isotropy representation of the model space PL{1) x H/PL{1) x iJ<u;>. 
Denote Q x H hy P, and the natural projection P ^ P/kerp by p. We denote by P the 
quotient space P/kerp. The action of PL{ks) on P induces the action on P. Then there exists 
a unique 1-form 6* on P such that p*9 — uj' x Yll^i ^^m'xYl^^^ si{k )■ "^^^ P^^"" (P^^) gives a 
p{PL{l) X iJ<^>)-structure over L, which is a subbundle of a GL{lki ■ ■ ■ fcj_i — fcj) (g) GL{kj)- 
structure Pti. By Proposition 12.51 the imbedding i of P into PfL is given by the restriction of 
the bundle isomorphism t : C{L) ^{L), which is defined by i : x i— t- a; o dF 

The equality Ps/w x JJl^l = ' ' " ^''^^ 
commutative diagram 



rii^i ^1 yields Rb*P*0 = p*6'. Since we have the 



Rb^ 




(6.1) 



it follows that RB*P*e = p*RB*d. Thus Ps/fi" 
induced by the differential of the action Rb^ L 
extended to the action Rb, : PtL ^ PtL hy 



6. Therefore the action Rb^ : P — s- P is 
L. Moreover Rb, : P — > P is uniquely 



io p{z,Ai,. . .,As,. .. ,Aj^i)B ®C ■ D = Lop{z,Ai,...,D ^A^, . . . , Aj_i)P C, 

where {z,Ai, ...,As,.. . , Aj-i) e Q', B^C e GL{lki ■ ■ ■ kj-i-kj)®GL{kj) and D G PL{ks). 
This action naturally induces the action of PL(fcs) on PtL/GL{lki ■ ■ ■ kj-i — kj) ® GL(1). We 
describe the process that the action of PL{ks) on P induces the actions on other manifolds by 
the following diagram. 



PP(fc,) 



P 



PL{k,) 



^P 



PL{ks) 



PL{ks 



^PfL 



PtL/GL{lki ■ ■ ■ kj^i - kj) (g) GL{1) 



By the proof of Proposition [373l there is a PL(fcj)-bundle isomorphism from N = PxPL{kj)/Hx 
Wl^i PL{ki)w to PtL/GL{lki ■ ■ ■ kj^i—kj)(E)GL{l). Via this isomorphism we see that the action 
of PL{ks) on N coincides with the one on PtL/GL{lki ■ ■ ■ fcj_i — kj)®GL{l). Thus the induced 
action of PL{ks) on N is given by [u,Ai,..., As, . . . , Aj\ ■ Bg = [u,Ai,..., B~^As, . . . , Aj] 
for Bs S PL{ks). Consequently the action of PL{ks) on L induces the action on N by the 
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differential. By this action we have the quotient K — N/PL{ks). On the other hand let a be 
a permutation defined by 

_ fl 2 ■■■ s-1 s s + 1 ■■■ j -I j\ 
~ \l 2 ■■■ s-1 s + 1 • • • j-1 j s) ' 

Then by Proposition l6.2l the given Cartan connection {Q x Yil^i PL{ki),i^' x ni=i(^i)i) '^'^'^r TV 
can be regarded as a Cartan connection over N of type PL{1) x YltZi PL{ki) x Ili^s+i PL{ki) x 
PL{ks)/PL{l) X Hi^i PL(h) X rii^s+i PP{ki) X PL{ks)a{w), which is a subgeometry of the 
projective space P(i?' (g) ®IzIR^^ ® ®l^^j^-^R^' ® R"). By Proposition [331 it follows that K 
admits a Grassmannian Cartan connection of type {Iki ■ ■ ■ kg^ikg+i ■ ■ ■ kj ~ ks, k^). □ 

7 Examples of successive castling transformations 
7.1 

Let {Pl, [x]) be a projective structure over n-dimensional manifold M , and (Q, io) be a projective 
Cartan connection over M constructed from (P/,, [x])- As we demonstrate it after Proposition 
16.21 bv successive castling transformations we can obtain the following Cartan connections: 

{Q,uj) — > {Q X PL{n),*Lo x Ai) — > (Q x PL{n) x PL{n^ + n ~ x *Ai x Ai) 
— > (g X PL{n^ + n- l),uj x Ai). 

We denote the base space of {Q,uj) by Mi, the one of (Q x PL{n), *lu x Ai) by Af„ and so on. 
Generally M^^ x - xfcj denotes a principal fiber bundle over M with structure group Jli^i PL{ki)- 
Then following the above successive Cartan connections from (Q, we obtain the sequence of 
base spaces: Mi — > M2 — > M2X5 — > M^. The Cartan connection (Q x PL{n), *uj x Ai) over 
M„ and {Q x PL{n) x PL{n^ + n — l),uj x *Ai x Ai) over M„x(n24.„_i) induce projective Cartan 
connections, and the Cartan connection (Q x PLiii? + n — 1), x Ai) over M„2^„_]^ induces a 
Grassmannian Cartan connection. Now we describe those base spaces more explicitly: 

Proposition 7.1. A/„ is isomorphic to the projective frame bundle of AI , and Mnx{n^+n-i) 
and M„2_|_„_]^ is isomorphic to the following bundles Cnx(n'^+n-i) o-i^d. £„2_|_„_]^; 

{(mi,U2) I ui : projective frame of TpM,U2 : projective frame ofTpM x sl{TpM),p G M}, 

{(7/2) I U2 ■ projective frame of TpM x sl{TpM),p £ M}. 

Proof. By definition Q is a principal fiber bundle over M with structure group PL(n)y, where 
V — {1,0, ■ ■ ■ , 0) is an element of Vi^n- From the construction we have the injection h : C{M) ^ 
Q corresponding to the injection i : GL{n) ^ PL{n + l)y, which is defined by 

By castling transformation of {Q, w) we obtain the Cartan connection (Q x PL{n), *a; x Ai) over 
M„ whose structure group is PL(n+l) X PL(n)<;^±>, where — ir-j—\ is an element of 
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Then t{GL{n)) x PL{n)^± is given by the set {{*t{A), A)}. The manifold h{C{M)) x PL{n) is a 
principal fiber bundle over M„ with structure group i{GL{n)) x PL(n)y± , and gives a reduction 
oi Q X PL{n). Then we have the following bundle isomorphism h{C{M)) x PL{n)/i{GL{n)) x 
PL\n)^± C{M)/GL{1) defined by 

[h{x),g\ ^ 

where q is the projection £(M) ^ C{M)/GL{1). Note that the action of i{GL{n)) x PL{n)^± 
on h{C{M)) x PL(n) is given by {h(x),g) ■ (*i{A),A) = {h{x)L{A),gA). Thus the base space 
M„ is isomorphic to the projective frame bundle of M. Concerning the Cartan connection 
{Q X PL{n) X PL{v?+n—l),(jj x *Ai x Ai) over Mnx{n^+n-i) > the structure group of Q x PL(n) x 
PL{'n? +n — l) is PL{n + \) x PL{n) x PL{n'^+n — l)^±, where w-^ is a fixed projective frame of 

the vector space ^^[^^^^^ • When we are given a base a; of a vector space V, we denote by q{x) 

the projective frame, then q gives the projection from the linear Stiefel manifold to the projective 

Stiefel manifold corresponding to the projection — : GL{n) — > PL{n). Then the subgroup 
i{GL{n)) X PL{n) x PL{p? + n — is given by the set {{l{A),*A, p^-i+n-ii^i-^) ® *^))}) 
where 

Pn^+n-MA)^*A)=(^^ 

with respect to the basis 

(1 < « < n), (^fc -S^jE-^ - - 

With respect to a base x = {Xi , X„} of TpM and Y = J2 YjEj G sl{n) we define an element 
Yx G s((TpM) by Y^ := xoYox~^, where we regard x as a linear isomorphism. That is to say Y^ 
is the map Y^; : Xk i-^Yl ^k^i- Then for A e GL{n) we have Y^a = Ad(A)(Yx). We denote by 
E') the element E!^-5^E^ oisl{n). Now we define the map (j) : h{/:{M))xPL{n)xPL{n'^+n-l) 

^nx{n'^+n-l) by 

[h{x),gi,g2] {q{x)gi^^,q{x,{E'j)x)g2~^)} 
We show that the map (f) is well defined. We put 

which is equal to {h{xA), giA, g2Pn2-\.n-i{''{^) ® *^))- Then we have 

{q{x')g[-\q{x',{E%,)g'2-')} 
= {q{xA){g,A)-\ q{xA, {E%A){g2Pn-+n-MA) ® *A))-'}. 

The last expression is equal to {q{x)gi~^ ,q{x, {E''^)x)g2~^)} since we have 

qixA, {E%a) = q{x, {E%)p^2+^_MA) ^ *^)- 
Moreover </) is a bundle isomorphism. Likewise we can show that M„2_|_„_i is isomorphic to 
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Now we explain how these manifolds Mk-^x---xk- are related in the case of n = 2. From 
Propositions 17.11 and 13.31 M2 is a projective frame bundle of Mi and M2X5 is a projective 
frame bundle of M2. Thus M2 has the right action of PL{2) and this action gives rise to the 
action of PL{2) on the frame bundle of M2 by the differential. Moreover PL{2) naturally acts 
on the projective frame bundle of M2, which is equal to M2x5- With respect to this action 
of PL(2) the quotient M^y^^/ PL{2) is equal to M5 from Proposition 16.41 Furthermore {Q,uj), 
{QxPL{2), *u;x Ai) and ((5xPL(2) xPi(5), wx *AiX Ai) induces projective Cartan connections 
and {Q x PL{5),uj x Ai) induces Grassmannian Cartan connections. The same result holds true 
about the general dimension n. If we continue the successive castling transformations we can 
obtain the following tree, where we only describe the base spaces. We abbreviate Mfcj^x - xfcj to 
ki X ■ ■ ■ X kj . If a Cartan connection over a base space induces a Grassmannian structure of 
type (/3, a) then we write GL{fi) ®GL{a) under the base space. If a Cartan connection induces 
a projective structure, then we write nothing. 



2 x 29 X 169 



2 X 169 X 985 




GL(135137)(giGL(13) 



2x5 



5 X 13 



13 X 34 



34 X 89 




2 5 

GL{1Z)®GL{2) 



13 

GL(34)®GL(5) 



34 

GL(89)(8iGL(13) 



The relation of the base spaces of the tree is completely described by Proposition [631 Moreover 
for any manifold M the all principal fiber bundles over M underlined in blue admit a Grassman- 
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nian structure. If the given projective structure on M is projectively flat, then the all principal 
fiber bundle over M underlined in red admit a flat projective structure and manifolds under- 
lined in blue admit a flat Grassmannian Cartan connection. Especially a manifold Mfejx - xfcj„i 
underlined in blue admits a Grassmannian structure of type (/3, a) which is given by an exten- 
sion of the bundle C{M) x PL{ki) over A/fejx - xfcj_i whose structure group is isomorphic 
to GL{2). This GL(2)-bundle gives a reduction of GL{3ki ■ ■ ■ fcj_i — kj) ® G'L(fcj)-structure on 
-^feix - xfc -1- We can prove this assertion generally as follows: we use the same notations in 
Proposition 16. 4[ thus M admits a Grassmannian Cartan connection of type (/ — a, a), and N 
is a fiber bundle Mfejx --xfc equipped with a projective structure. Denote by L the quotient 
N/PL{kj) and by P the bundle Q x H over L with structure group PL{1) x i?<iu>. Now 
we assume that Iki ■■■kj-i — kj ^ 1, hence L admits a Grassmannian structure PtL. The 
Lie group homomorphism p : PL{1) x -ff<u,> GL{M{1 — a,a) x Oti ^'(^0) the isotropy 
representation of PL{1) x H / PL{1) x H^^,^. The quotient space {P/kerp, 9) can be considered 
as a subbundle of PtL, and we have the natural projection p : P ^ P. The group PL{l)^,j> 
has the subgroup Gq and the restriction of the isotropy representation p to Gq x H^yjy is 
injective. The bundle P has the subbundle h{PtA4) x H with structure group Go x H^^^. 
Hence the restriction of p : P — ^ P to h{PtM) x H is injective. Thus we obtain the sequence of 
reduction {h{PtM) xH,9) C iP,9) C PtL corresponding to Gq x 7f<u,> C p{PL{l) x H<„>) C 
GL{lki ■ ■ ■ kj_i — kj) (E) GL{kj). Hence L admits a reduction h{PtM) x H oi the Grassmannian 
structure PtL of L. 

7.2 Case of Lie groups 

In the case of Lie groups the base spaces obtained by successive castling transformations are 
described more explicitly. Let V be a projective structure on a n-dimensional Lie group L. 
Then we can construct a projective Cartan connection (Q^uj), where Q is a principal fiber 
bundle over M with structure group PL{n + 1)„, and we denote by /i a injective bundle map 
from Pl to Q. Then by a successive castling transformations of {Q,uj) we obtain a Cartan 
connection {Q x Y[i=i PL{ki),uj' x 0^=1(^1)*) '^'^^'^ ^ manifold N whose type is a subgeometry 
of the projective space P(ii"'^^ (g) ^^^^i?'^')- Then the base space is described as follows: 

Proposition 7.2. the base space N is isomorphic to the products L x Y[i=i P^i^i)- 

Proof. The proof is similar to the one of Proposition 16.41 The base space N is diffeomorphic 
to the quotient manifold Q x Y[i=i PL{ki) / PL{1) x Hi^i PL{ki)w and by Proposition 16.31 the 
isotropy group PL{1) x HLi PL{ki)y, is given by the set {{fo{,g), fi{g), • . . , fj{g)) \ g E PL{n + 
l)v}, where /o = id or *. Any element of Q is written by the form h(x)go for some x G C{L) 
and go & PL{n + We denote by p a projection from Q to C{L). The frame bundle jC{L) is 
isomorphic to the product L x GL{n) and an element x S jC(L) is written as {a{x),A{x)). Now 
we construct the map N ^ L x Hi^i PL{ki) defined by 

[hix)go,gu ■ . ■,gj] ^ {a{x),g^f[{go)-'f[ o ziA{x))-\ . . . , ff,/;(go)" ° ^iAix)r'), 

where = fi when (Ai).; — Ai and = *fi when (Ai)i = *Ai. Then this map is well defined 
and a bundle isomorphism. □ 

Remark 7.3. The author could not determine the diffeo type of base spaces generally obtained 
by successive castling transformations. 
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The Cartan connection (Qx J|:^^-J P L{ki) , cu' xYl^^i can be extended to Grassmannian 

Cartan connection, and from the proof of 16.41 its base space K is also given by the product 
LxUlZi PL{ki). Thus the base space obtained by successive casthng transformations admitting 
a Grassmannian structure is also given by a product Lie group. Furthermore if the given 
projective structure [V] on L is left invariant (resp. flat) under the group action of L, then 
a projective structure on N is also left invariant (resp. flat), and the Grassmannian Cartan 
connection over K is also left invariant (resp. flat). 

8 A certain classification of manifolds obtained by succes- 
sive castling transformations 

Let J, / and a be positive natural numbers such that a < I ^ a. We consider the equation 
(*) : {I — a)a + kf + k2 + ■ ■ ■ + k'^ — j = Iki ■ ■ ■ kj — 1. We define a castling transformation for 
a set of positive natural numbers. 

Definition 8.1. Let I be a fixed integer such that I > 3. Let (fci, k2, ■ ■ ■ , kj) be a set of integers. 
We define an integer by k[ := Iki ■ ■ ■ ki_iki^i ■ ■ ■ kj — ki for j>2, l<i<j, and by fcj+i := 

Iki — ^7 ™6 define k[ to be l — ki. We call the set (fci, . . . , ki-i, k[, fci+i, . . . , kj) a 

castling transform of [ki, ^2, . . . , kj) at i-th position, and (fci, . . . , kj, fc^+i) a castling transform 
at {j + l)-th position. We call each k[ and fcj+i a number obtained by castling transform. 

If ki is a positive natural number for 1 < i < j and {ki, . . . ,kj) satisfies the equation 
(*) : (Z — a)a + kf + k2 + ■ ■ ■ + k'j — j ^ Iki ■ ■ ■ kj — 1, then castling transform at any position 
gives another solution (fci, . . . , fci_i, k[, fci+i, . . . ,kj) for the equation (*) and k[ is a positive 
natural number again. 

We observe that when j — 1, a gives a solution for the equation (*): {I — a)a + kf — Iki = 0. 
We investigate the whole solutions of (*) given by the successive casthng transformations from 
a. 

If we repeat a castling transformation for (fci, fc2, . . . , fcj) at the same position twice, then 
we obtain the same set as (fci , fc2 , . . . , fcj ) . From now on we assume that successive castling 
transformations does not include this repetition. Namely if a set 9 := (fci, fc2, . . . , fc-,) is a 
castling transform of a set 9' at i-th position, then wc only consider a castling transform of 

9 at m-th position with m ^ i. A sequence 9i ^ ■ ■ ■ ^ On obtained by successive castling 
transformations from 9i is said to be reduced if the sequence does not contain any repetition 
of castling transformation. Moreover we identify (fci, fc2, . . . , fcj, 1) with (fci, fc2, . . . , kj). 

Lemma 8.2. Let (fci, fc2, . . . , kj) be a set obtained by successive castling transformations from 
a. If kj is a number obtained by the castling transform, then kj is the unique largest number 
in (fci,fc2,...,fcj). 

Proof. Let 0i ^ 02 ^ ■ ■ ■ ^ 9n he a, reduced sequence obtained by successive castling trans- 
formations from a, where 9i = a. The proof is by induction on n > to > 2. We express 9m 
as {hi, /i2, . . . , hn). We assume that /i„ is a number obtained by a castling transform of 6m-i 
and hn is the largest number in {/ii}i<i<n. Then 9m+i is a castling transform of 9m at i-th 
position with i ^ n. A new number k of 9m+i obtained by castling transform is written as (1) 
Ihi ■ ■ ■ hi_ihi^i ■ ■ ■ hn ^ hi or (2) Ihi ■ ■ ■ hn — 1, and in both cases k > In each case 6m+i 
can be written as (1) {hi, . . . , /ii_i, k, /i^+i, . . . , hn) and (2) {hi, . . . , hn, k) respectively. Hence 
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K is the unique largest number in 9m+i- When m = 2, 62 can be (a, la — 1) or I — a. In both 
cases a number obtained by casthng transform is the unique largest number in 02- Hence the 
induction proves the lemma. □ 



Proposition 8.3. Let (ki,k2, . . . ,kj) be a set obtained by successive castling transformations 
from a. Then we have hi > a for I < i < j- 

Proof. Denote by a reduced sequence obtained by successive castling transfor- 

mations from a, where 61 — a. Denote by (i > 2) a new number of 9i obtained by castling 
transform of 9i-i. Set ki := a. For instance O2 = K2) = (ct, Iki — 1), and 9^ = K2, K3) 
= (a, Zki — 1,/kiK2 — 1) and 6*4 = (ki,K4,K3) = {a,lKiK^ — K2,Ihik,2 — !)• Thus we see that 
9m {tt^ > 2) can be written as (k^j , ■ • ■ , i^ij) where n < m and some is equal to Km- Then 
Km+i {m > 2) is equal to lui-^ ■ ■ ■ K,i^_^Ki^j^^ ■ ■ ■ Ki^ — Ki^ for some s {1 < s < n) with is ^ m 
or iKi-^ ■ ■ ■ l^i^ 1 since successive castling transformations does not include a repetition. By 
Lemma l8.2l KTn is the largest number in 9m^ thus Km+i > Hm for m > 2. By definition K2 can be 
Z — a or — 1. From assumption I — a > a. Thus K2 > a. Hence a — ki < K2 < K3 < ■ ■ ■ < Uni 
which proves the proposition. □ 

From the proof of this proposition, for any given reduced sequence 9i ■ ■ ■ — > of 
successive castling transformations, we have 9i ^ 9j ii i ^ j. 

Proposition 8.4. Let j , I and a be positive natural numbers such that j > 2, I > 3 and 
a < I — a. Let ki {1 < i < j) be natural numbers such that 2 < fci < ^2 < • • • < fcj. Assume 
that we have the equality (*) : {I — a)a + kf + k2 + ■ ■ ■ + k'^ — j = Iki ■ ■ ■ kj — 1. Moreover 
assume that kj > a. Then we have < lkik2 ■ ■ ■ fcj-i — kj < kj. 

Proof. Put hj := lkik2 ■ ■ ■ fcj-i — kj. Suppose that we have the equality (*) : {I ■— a)a + kf + 
fc| + • • ■ + /sj — j = Iki ■ ■ ■ kj — 1 and the inequality 2 < ki < k2 < ■ ■ ■ < kj. Now we assume 

lkik2 ■ ■ ■ kj-i — kj < 0. Then lkik2 ■ ■ ■ kj^ikj < fc|. From (*) we have {I — a)a + 1 + ~ 
j - kj < 0. Thus 

> {l-a)a + l-j + kl + ---k^_i 
> (l-a)a + l-j + 4(j - 1) 
= 3j + {l-a)a-3> 3j - 1. 

Since j > 2, the last expression is greater than or equal to 0. This is a contradiction. Hence 
< lkik2 ■ • • kj-i — kj. 

Next we divide the proof into the two cases: a = 1 and a > 2. Firstly we consider the 
case a > 2. Then I must satisfy / > 4. Now we prove that if a < kj < — a, and 

2<ki< Z2-'-i-a for l<i<j-l, then we have J2i=i '^^i^-^IlLi < 4:{j -l) + a'^ ~l2^-'^a. 
We prove this by using the idea and technique of the proof of SKj Lemma 2 in p. 42]. Put 
b := — a, and assume a < kj < b and 2 < ki < b for 1 < i < j — 1. We put 

/(fci, . . . , kj) := X^Li - ^ riLi For 1 < ^ < j - 1 we set 

M; :=/(2,...,2,6,... ,6,a) and M'^ := f{2, . . . ,2,b, ■ ■ ■ ,b,&-' - a). 
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Then we have M« = 2V+ (j - A* - 1)&^ + Q!^ - l2i^V-'^-'^a, and = 2^^+ (j - jj)})^ - Z2'*6J-'*. 
Since M/_i - M« = (j - - 1)(22 - 6^) - I2i^a{2^-i^-^ - V-i^-^), we obtain 

' > ~ij - M - 1)(& + 2) + la{j 1)2^-2 
= (j -At- l){-6-2 + Za2-'-2} > 0. 
On the other hand since - = - P + l2^'b>-^'-'^{b - a}, we obtain 

M« - M,'; 

= -(a + b) + l2^'V-^'-\ 

b — a 

When /i = j — 1, this value is equal to zero. Thus we have — > 0. Since / attains the 
maximum at the boundary points, we obtain the desired assertion / < Mj'_i. 
Now from the equality (*) wc have 

= {l-a)a- {j -l) + kf + k2-\ \- k] - Iki ■ ■ ■ kj 

< {I- a)a - [j - 1) + 4(j - 1) + - Z2^-^a 

= (;-a)a + 3(j-l) + a(a-Z2J-i) 

= [l- a)a + 2,{j - 1) + a{a -I)- al{2^-'^ - 1) 

Since j > 2,1 > A,a > 2 the last expression is negative. However this is a contradiction. It 
follows that from the assumption kj > a we obtain kj > — a. 

From now on we consider the case j = 2. Firstly we show that ^2 > fci + 5. Assume that 
k2<ki + |. Then we have 

= (/ - a)a -l + kj + kj- /fcife 
< {I - a)a - 1 + 2kl - l{k2 - ^)k2. 

Since k2> 21 — a, we have 

72 

< {l-a)a-l + {2-l){2l-af + -{2l-a) 

= {l-a)a-l + {21 - a){-^l^ -2a + Z(4 + a)}. 

About the part of this expression we have 

-2a + Z(4 + a) = + 4) + a{l - 2). 

Since a < |, the last expression is less than or equal to / + 3) < — /. It follows that 
{I — a)a + {21 — a){—l) < 0. This is a contradiction. Therefore ^2 > fci + |. 

Finally assume that /12 > ^2- This condition is equivalent to Iki > 2k2- Then from the 
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equation (*) we have 





{I 


— a)a 


-l + kl + kl~ Ikik 


< 


il 


— a)a 


1 ~|~ k-^ ~\~ k^ 2/^2 




{I 


— a)a 


1 ~|~ ki k^ 


< 


(l 


— a)a 


-i+ki-ik,+^r 


< 


(l 


— a)a 






4 






< 


4 " 


- 1 - /fci < 0. 



This is a contradiction. Hence h2 < k^, which is our assertion in this Proposition. 

Next we consider the case j > 3. Now assume that kj < j{j — l)kj-i. Then we have 

= {I- a)a - (j - 1) + fci H \-k] -lki---kj 

< {I - a)a- {j -1) + k1-\ h A;? - —^ki ■ ■ ■ /c,_2fc?. 

J - 1 

Since we have j^jfei • ■ • > ^3x2-'"^ > i + 1, this yields 

{l-a)a- {j -l) + kl + --- + k'^ - J^y^i ' • ' kj-2k^ < {I - a)a - {j - 1) - 

The inequaUty kj > — a gives 

< {l-a)a- {j - 1) - - af 

< j-(i-l)-(3Z)^<0. 

This is a contradiction. Hence we obtain kj > j{j — l)kj-i. 

Finally suppose that hj > kj. This condition is equivalent to kj < ^ki ■ ■ ■ kj-i. Then 
combining this assumption with the equation (*) yields 

= (l- a)a - (j - 1) + fci + \-kj -lki---kj 

< {l-a)a-{j -l)+kl + --- + k'^j - 2k'^ 

< (l-a)a-{j-l) + ki + --. + k]_, - {^-fU - lfk]_, 

< {I- a)a - {j - 1) - {j - 1)( - 1) - l)fc|_i. 

Since i > 3 and > 2, the last expression is less than or equal to 

(/ - a)a - {j - 1) - - 8) 

= (l-a)a-{j-l)-{l^-8) 

< {l-a)a-l^ + 6 

= -l{l - a) - + 6 < 0. 
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This is a contradiction, which concludes hj < kj. 

Now we consider the case a = 1. In this case we have to also consider the case Z = 3. We 
can prove the inequality hj < kj by almost the same way as the case a > 2. In the following 
we give the outline of the proof with emphasizing the difference between the cases a — 1 and 
a>2. 

Firstly if we assume 2 < ki < — 2 for 1 < i < j, then from Lemma 2 of [SKI p. 42] 

we can directly obtain ~ ^Ili^i — ~ Combining this inequality with the 

equation (*) implies a contradiction by a similar argument to the case a > 2. Hence we obtain 
kj > — 2. Now we divide the proof into the two cases j = 2 and j > 3. When j = 2, by 

using the inequality kj > 21 — 2 we can prove k2 > ki + ^ similarly to the case a > 2, but not 
^2 > fci + 5- Moreover by using fc2 > fci + |, we can obtain /i2 < ^2. When j > 3, by using the 
inequality kj > 12^~^ — 2, we can obtain kj > j{j — Moreover if we suppose hj > kj, 

then combining kj > j{j — l)fcj_i with the equation (*) yields a contradiction. Thus we obtain 
hj < kj. □ 

The proof of Proposition 18.41 is a generalization of the one of [Kati Lemma 7.3]. 
By Proposition 18. 31 and 18.41 we obtain the following: 

Theorem 8.5. Let I and a be positive natural numbers such that I > 3 and a < I ^ a. Let 
9 = (ki,k2, ■ ■ ■ ,kj) be the set of positive natural numbers. Then 9 is obtained by a finite 
number of castling transformations from a if and only if 9 gives the solutions of the equation 
(*): {I — a)a — (7 — 1) + fc^ + • • • + fc| — Iki ■ ■ ■ kj = and satisfies ki > a for 1 < i < j. 

In fact Proposition l8.4l implies a stronger result: if the positive natural numbers 9 = (fci, fc2, 
. . ., kj) gives a solution of the equation (*) and moreover 9 is not contained in the cube = 
{{xi, . . . ,Xj) I \xi\ < a ~ 1}, then 9 is obtained by a finite number of castling transformations 
from the solution a of (*) with j — 1. 

Thus we obtain the following. 

Proposition 8.6. Assume that there exists no positive integer solution (fci, . . . , kj) of the equa- 
tion (*) satisfying ki < a ~ 1. Then any positive integer solution of (*) is obtained by a finite 
number of castling transformations from the solution a. 

From many computations of the equation (*), it seems that there exists no positive integer 
solution 9 = (fci, k2, . . . ,kj) such that 9 is contained in the cube C^. Hence we conjecture the 
following. 

Conjecture. There exists no positive integer solution (fci,...,fcj) with ki < a — 1 for the 
equation (*). 

This conjecture is true for a=:l,2,3orj = l. 

Now let {Q,uj) be a Grassmannian Cartan connection of type (/3, a) over a manifold M, 
where we assume I — a + f3 > S and a < /?. Denote by S{l,a) the set of positive natural 
number solutions of the equation (*). We consider the tree T of Cartan connections obtained by 
successive castling transformations from (Q, ui). Each node is written as {Q x Yll^i PL{ki),uj' x 
Jl^^j^(Ai)i), where a;' = a; or *uj and (Ai).; — Ai or (Ai)i ~ *Ai. The model space of {Q x 
llUPL{ki),u}' X ^^=l(Al)^) is PL{1) X Yll^^PLih)/PL{l) X UL^PL{h)w, where u; is a 
point of P{R^ (E) (^{^^R!"'). We define the map $ : T ^ S{l,a) by (Q x nLi^^C^O,'^' x 
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]^^^-^(Ai)i) i~> {ki, . . . ,kj). Each node of T induces a base space Mkix---xkj by Proposition 
16.41 Thus we obtain the map $ from the set of the base space of nodes in T to S{1, a) defined 
by $ : Mfcjx - xfej '-^ {ki, ■ ■ ■ , kj). Moreover $ induces the map 5* from the set of the fiber 
Yll^i PL{ki) of base space of nodes in T to S{1, a). The map is bijective from Theorem 18. 51 
Thus we obtain the following. 

Theorem 8.7. There is a one-to-one correspondence between the set of the structure group 
Y[i=i of the base spaces obtained by a finite number of castling transformations from 

{Q,uj) and the set of solutions (fci, . . . , kj) with ki > a and j > 1 of the equation 

(*) a/3 + fci + • • • + fc| - {j - 1) - (a + (3)ki • • • fc^ = 0. 

Each solution (fci, . . . ,kj) corresponds to a manifold equipped with a projective structure, which 
is projectively flat if {Q, uj) is flat. 

From this theorem we obtain Theorem ll.il 

Remark 8.8. A principal fiber bundle L = N/PL{kj) is equipped with a projective structure 
again if Iki ■ ■ ■ fcj_i — fcj = 1 and this manifold corresponds to a solution (fci, • • • , fcj-i) of the 
equation (*): afi ~ [j ~ 2) + k\ + ■ ■ ■ + k'j_i — Iki ■ ■ ■ kj-i — 0. Indeed N corresponds to the 
solution (fci, . . . , kj) and (fci, . . . , fcj-i, Iki ■ ■ ■ fcj-i — kj) also gives a solution of (*). If we have 
Iki ■ ■ ■ fcj_i — kj — 1, then (fci, • • • , fcj_i, 1) is a solution of (*). Thus (fci, • • • , fcj-i) is a solution 
of (*). If we have Iki ■ ■ ■ fcj-i — kj ^ 1, then L admits a a Grassmannian structure of type 
(/fci • • • fcj-i — kj, kj), whose corresponding Grassmannian Cartan connection is flat if {Q,uj) is 
flat. 

Remark 8.9. The equation (*) a/3+fcjH hfc| — (j — 1) — (a+/3)fci ■ ■ ■ kj = is a generalization 

of the equation (**) -\- kf -\- ■ ■ ■ kj — j — 2afci • • • fcj =0 which we obtained in our last paper 
|Kat| Theoreml.l]. Indeed put a := a — 1 and /3 := a + 1 in (*). Then we obtain (**). 

Remark 8.10. The author expects that probably we can prove the map $ is bijective. 
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